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PREFACE 



In this book authors for the first time introduce the notion of 
supermatrices of refined labels. Authors prove super row matrix of 
refined labels form a group under addition. However super row matrix 
of refined labels do not form a group under product; it only forms a 
semigroup under multiplication. In this book super column matrix of 
refined labels and m X n matrix of refined labels are introduced and 
studied. 

We mainly study this to introduce to super vector space of refined 
labels using matrices. 

We in this book introduce the notion of semifield of refined labels 
using which we define for the first time the notion of supersemivector 
spaces of refined labels. Several interesting properties in this direction 
are defined and derived. 
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We suggest over hundred problems some of which are simple some 
at research level and some difficult. We give some applications but we 
are sure in due course when these new notions become popular among 
researchers they will find lots of applications. 

This book has five chapters. First chapter is introductory in nature, 
second chapter introduces super matrices of refined labels and algebraic 
structures on these supermatrices of refined labels. All possible 
operations are on these supermatrices of refined labels is discussed in 
chapter three. Forth chapter introduces the notion of supermatrix of 
refined label vector spaces. Super matrix of refined labels of semivector 
spaces is introduced and studied and analysed in chapter five. Chapter 
six suggests the probable applications of these new structures. The final 
chapter suggests over hundred problems. 

We also thank Dr. K.Kandasamy for proof reading and being 
extremely supportive. 



W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
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Chapter One 



Introduction 



This chapter has two sections. In section one we introduce 
the notion of super matrices and illustrate them by some 
examples. Using these super matrices super matrix labels are 
constructed in later chapters. Section two recalls the notion of 
ordinary labels, refined labels and partially ordered labels and 
illustrate them with examples. These concepts are essential to 
make this book a self contained one. For more refer [47-8]. 



1 . 1 Super Matrices and Their Properties 

We call the usual matrix A = (ay) where ay e R or Q or Z or 
Z n as a simple matrix. A simple matrix can be a square matrix 
like 



3 


0 


2 


1 


-4 


7 


-8 


0 


0 


-2 


1 


9 




0 


1/4 


0 



or a rectangular matrix like 



7 




8 0 7 1 V7 V3 

-2 5 8 0 9 V5 

B = 0 14-3 0 V7 

-7 2 0 V5 V2 0 

10 1-21 8 

or a row matrix like T = (9, yfl , -7, 3, -5, — a/ 7 , 8, 0, 1, 2) or a 
column matrix like 




So one can define a super matrix as a matrix whose elements are 
submatrices. For instance 
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are submatrices. So submatrices are associated with a super 
matrix [47]. The height of a super matrix is the number of rows 
of submatrices in it and the width of a super matrix is the 
number of columns of submatrices in it [47]. 

We obtain super matrix from a simple matrix. This process 
of constructing super matrix from a simple matrix will be 
known as the partitioning. A simple matrix is partitioned by 
dividing or separating the simple matrix of a specified row and 
specified column. When division is carried out only between the 
columns then those matrices are called as super row vectors; 
when only rows are partitioned in simple matrices we call those 
simple matrices as super column vectors. 

We will first illustrate this situation by some simple examples. 



Example 1.1.1: Let 



A = 



07578423012 
23034567890 
5 13 1112 13 14 



be a 3 x 1 1 simple matrix. The super matrix or the super row 
vector is obtained by partitioning between the columns. 





"0 


7 


5 


7 


8 


4 


2 


3 


0 


1 


2" 


A] — 


2 


3 


0 


3 


4 


5 


6 


7 


8 


9 


0 




5 


1 


3 


1 


1 


1 


2 


1 


3 


1 


4 



is a super row vector. 





"0 


7 


5 


7 


8 


4 


2 


3 


0 


1 


2" 


A 2 — 


2 


3 


0 


3 


4 


5 


6 


7 


8 


9 


0 




5 


1 


3 


1 


1 


1 


2 


1 


3 


1 


4 



is a super row vector. 



We can get several super row vectors from one matrix A. 



Example 1.1.2: Let V = (1 234567891094724 3) be a 
simple row vector we get a super row vector Vi = (1 2314561 
789101947124 3) and many more super row vectors can 
be found by partitioning V differently. 
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Example 1.1.3: Let 



"3 0 f 

0 5 7 

1 2 3 
V= 4 5 7 

8 9 0 
1 0 7 
0 1 4 

be a simple matrix. We get the super column vector by 
partitioning in between the columns as follows: 



3 


0 


r 




“3 


0 


1 


0 


5 


7 




0 ~ 


5 




1 


2 


3 




1 


2 


3 


4 ~ 


5 




and V 2 = 


4 


5 


7 


8 ~~ 


9 


~0 




8 ~~ 


9 


"0 


1 


0 


7 




1 


0 


7 


0 ~ 


1 


~4 




0 


1 


4 



are super column vectors. 
Example 1.1.4 : Let 




be a simple matrix. 
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is a super column vector. We can get several such super column 
vectors using X. 



Example 1.1.5 : Let us consider the simple matrix; 

[0 1 2 3 4 5" 

6 7 8 9 10 11 

P = 

14-8-47 3 

_2 5 1 -5 8 2 _ 

we get the super matrix by partitioning P as follows: 



0 


1 


2 


3 


4 


5' 


6 


7 


8 


9 


10 


11 


r 


4 


-8 


-4 


7 


3 


2 


5 


1 


-5 


8 


2 



is a super matrix with 6 submatrices. 



ai 



a 4 = 



0 1 2 
'678 

1 4 -8" 

2 5 1 



, — 

, a 5 = 



3 

9 

-4 

-5 



> a 3 - 



4 5 

10 11 

r 7 



and a 6 = 



3 

2 



Thus Pj = 



a i 

a 4 



a 2 

a 5 



3 6 



Clearly Pi is a 4 x 6 matrix. 
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Example 1.1.6: Let 



"3 6 3 1 

1-382 

V = 

2 4 9 3 

7-144 

be a super matrix. 

a i a 2 

a 3 a 4_ 

where ai, & 2 , a 3 and a 4 are submatrices with 





We can also have the notion of super identity matrix as follows. 
Let 

K 0 
0 K. 

where I t are identity matrices of order t, x t, where 1 < i < r. 

We will just illustrate this situation by some examples. 

Consider 

Ti o o ol To o ol" 

0 1 0 0 0 0 0 

0 0 1 0 0 0 0 

P= 0001 000 = l4 ° 

nr i 0 1, 

0 0 0 0 1 0 0 L J 

0 0 0 0 0 1 0 

0 0 0 oj [o 0 lj 

is a identity super diagonal matrix. 
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Consider 



1 

0 



'© 

o 

o 




"0 0 " 


0 0 0 




0 0 



"0 


0 “ 




"1 


0 


0 " 


0 


0 




0 


1 


0 


0 


0 




0 


0 


1 



0 0 
0 0 
0 0 



ro 


0“ 




"0 


0 


0] 


o 


1 

o 




1 

O 


0 


O ' 



0 

1 



I 2 0 0 

0 I 3 0 

0 0 I 2 



is the super diagonal identity matrix [47]. 

We now proceed onto recall the notion of general diagonal 
super matrices. Let 



3 


0 


0 


0 


0 


0 


1 


7 


0 


0 


0 


0 


8 


9 


0 


0 


0 


0 


1 


2 


0 


0 


0 


0 


3 


4 


0 


0 


0 


0 


0~ 


0 


4 


5 


3 


2 


0 


0 


-1 


0 


7 


-4 



nij 0 

0 m 2 



where 



mi 



3 0 
1 7 
8 9 
1 2 
3 4 



amd m 2 = 



4 5 3 

-10 7 



2 

-4 ’ 



S is a general diagonal super matrix. Take 



3 


4 


5 


7 


8 


4 


0 


0 


0 


0“ 






1 


2 


4 


0 


3 


1 


0 


0 


0 


0 






0 


1 


0 


2 


0 


5 


0 


0 


0 


0 




o 


0~ 


0 


0 


0 


0 


0 


9 


6 


2 


"0 




[0 k 2 


0 


0 


0 


0 


0 


0 


0 


4 


1 


2 






0 


0 


0 


0 


0 


0 


5 


7 


8 


1 
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is a general diagonal super matrix. 
Also take 



1 


0 


0 


0 


1 


0 


0 


0 


0 


0 


0 


0 


o~ 


1 


0 


~0 


0 


1 


0 


0 


o~ 


0 


1 


~0 


0 


0 


1 


0 


0 


0 


1 


0 


0 


0 


1 


0 


0~ 


0 


0 


7 


0 


0 


0 


1 


0 


0 


0 


1 



is again a general diagonal super matrix. 

Now [47] defines also the concept of partial triangular 
matrix as a super matrix. 

Consider 



"6 


2 


1 


4 


6 


2 


f 


0 


7 


8 


9 


0 


3 


4 


0 


0 


1 


4 


4 


0 


5 


0 


0 


0 


3 


7 


8 


9 



= [M, M 2 ] 



is a upper partial triangular super matrix. 
Suppose 



P = 



2 0 0 0 0 

1 4 0 0 0 

2 3 5 0 0 

1 2 3 4 0 

5 4 7 8 0 

8 0 12 3 
110 2 4 
0 12 0 3 



M, 

M 2 
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is a lower partial triangular matrix. This is a 2 by 1 super matrix 
where the first element in this super matrix is a square lower 
triangular matrix and the second element is a rectangular matrix. 
We have seen column super vectors and row super vectors. 

Now we can define as in case of simple matrices the 
concept of transpose of a super matrix. We will only indicate 
the situation by some examples, however for more refer [47]. 
Consider 




be the super column vector. Now transpose of V denoted by V* 
= [9 3 1 1024617 2]. Clearly V* is a super row vector. Thus if 




then 




Vj =(024 6) and v 3 = 




and v* = (7 2). 
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Hence the claim. 



Example 1.1.7: Let P = [3 102517321 6] be a super row 
vector. Now transpose of P denoted by 




Thus if P = [Pi P 2 P 3 ] where 

Pi = (3 1 0 2 5), P 2 = (7 3 2) and P 3 = (6) 

then 




Thus 

>r 

p*= p 2 i . 
p* 

r 3 

Example 1.1.8: Consider the super row vector 





“8 


1 


0 


3 


9 


2" 


X = 


0 


2 


1 


6 


4 


5 




0 


0 


4 


1 


0 


1 



Now define the transpose of X. 
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"8 


0 


0“ 
















1 


2 


0 




"8 


1 


0 


3 


9 


2 




























0 


1 


4 




a; 


0 


2 


1 


6 


4 


5 


= [A! A 2 ] = 


— 




— 


= 


















3 


6 


1 




a; 


0 


0 


4 


1 


0 


1 












2 _ 
















9 


4 


0 
















2 


5 


1 





Example 1.1.9: Let 



W = 



0 12 3 4 

5 6 0 7 8 

9 0 10 2 
3 14 0 3 

1 6 0 5 1 

2 7 10 7 

3 8 0 2 0 

4 9 12 4 

5 0 4 0 3 



W, 

w 2 



be a super column vector. 

Now the transpose of W given by 



"0 


5 


9 


3 


1 


2 


3 


4 


5" 


1 


6 


0 


1 


6 


7 


8 


9 


0 


2 


0 


1 


4 


0 


1 


0 


1 


4 


3 


7 


0 


0 


5 


0 


2 


2 


0 


4 


8 


2 


3 


1 


7 


0 


4 


3_ 



w 2 *\ 



Now having see examples of transpose of a super row vector 
and super column vector we now proceed onto define the 
transpose of a super matrix. 
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Example 1.1.10: Let 



9 0 
6 7 


1 2 3 
8 9 0 


4 5 
1 1 


1 2 


1 3 1 


4 1 


5 1 


6 1 7 


1 8 


1 9 


2 0 2 


1 2 


2 0 


0 3 4 


0 1 



M, 


m 2 


M 


m 4 


m 5 


M, 


m 7 


m 8 


M, 



be a super matrix, where 



M, = 


"9 


0" 


, m 2 = 


"1 


2 


3" 


,m 3 = 


“4 


5" 


6 


7 




8 


9 


0 


1 


1 




“1 


2" 




“1 


3 


r 




"4 


r 


M 4 = 


5 


1 


, m 5 = 


6 


1 


7 


,m 6 = 


1 


8 




1 


9 




2 


0 


2 




1 


2 



M 7 = (2, 0), M 8 = (0, 3, 4) and M 9 = [0 1], 

Consider 



9 


6 


1 


5 


1 


2 ' 


0 


7 


2 


1 


9 


0 


r 


8 


1 


6 


2 


~0 


2 


9 


3 


1 


0 


3 


3 


0 


1 


7 


2 


4 


4 ~ 


1 


4 


1 


1 


~0 


5 


1 


1 


8 


2 


1 



m; 


Mi 


M, 


M* 


m; 


M. 


m; 


Mi 


M, 



where 









"1 


8“ 








9 


6“ 










"4 r 


M! = 






, M' = 


2 


9 


, Ml = 




I 


0 


7 


7 z 








5 1 










3 


0 







M\ = 







"1 


6 


2“ 






"1 5 r 












"4 1 r 




, Ml = 


3 


1 


0 


, Mi = 




2 1 9 












1 8 2 






1 


7 


2 
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" 0 “ 






"2“ 


, M' = 


3 


and M‘ = 


"0" 


0 


7 o 




y 


i 






4 







M' is the transpose of the super matrix M. 



Example 1.1.11: Let 



19 0 
3 0 4 


2 1 
0 5 


6 7 8 


9 0 


2 3 4 


0 5 


0 1 0 


2 1 


5 0 8 


0 9 


6 1 0 


8 0 



M, 


M 


m 3 


M. 


m 5 


M, 



be the super matrix where 



M, = 



M 3 = 



"1 9 0" 


,m 2 = 


“2 7" 


_3 0 4_ 




0 5_ 


"6 7 8“ 




"9 0" 


2 3 4 


,m 4 = 


0 5 


0 1 0 


2 1 


1 

LA 

o 

OO 




0 9 



M 5 = (6 1 0) and M 6 = (8, 0). Consider M 1 . the transpose of M. 



1 


3 


6 


2 


0 


5 


6 


9 


0 


7 


3 


1 


0 


1 


0 


4 


8 


4 


0 


8 


0 


2~ 


0 


9 


0 


2 


0 


~8 


7 


5 


0 


5 


1 


9 


0 



where 



m; 


M' 


M 


M‘ 


Mi 


M 



"1 3“ 








"6 2 0 5" 






"2 0“ 






9 0 


M*, = 


1 5_ 


,M' = 


7 3 10 


0 4 








OO 

O 

OO 
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"6“ 








"9 0 2 0“ 








"8" 


M‘ = 




, M‘ = 


1 


, M* = 




4 


0 5 19 


’ 5 




7 0 


0 




- 




0 







is the transpose of the super matrix M. 

We say two 1 x m super row vectors are similar if and only 
if have identical partition. That is partitioned in the same way. 

Consider X = (0 1 2 I 3 4 I 5 0 9) and Y = (3 0 5 I 2 1 I 8 1 2) 
two similar super row vectors. However Z = (0I123I450I9) 
is not similar with X or Y as it has a different partition though X 
= Z = (0 123450 9) as simple matrices. Likewise we can say 
two n x 1 super column vectors are similar if they have identical 
partition in them. 

For consider 



"9“ 




"2" 


8 




1 


7 




0 


0 




3 


1 


and Y = 


7 


2 




8 


3 




0 


4 




1 


_5_ 




2 



two super column vectors. Clearly X and Y are similar. 
However if 



Z = 



8 

KJ 

2 

7 

1 

7 

9 

7 

2 



20 




is a 9 x 1 simple column matrix but X and Y are not similar 
with Z as Z has a different partition. 

We now proceed onto give examples of similar super matrices. 

Example 1.1.12: Let 



3 


7 


1 


2“ 




"0 


1 


2 


3" 


0 


1 


0 


1 




4 


5 


6 


7 


2~ 


0 


1 


~0 




8~~ 


9 


1 


~0 


0 


3 


0 


4 




1 


1 


1 


2 


4 


0 


1 


0 


and Y = 


1 


3 


1 


4 


5~~ 


1 


2 


~7 


r 


5 


1 


~6 


3 


1 


1 


i 




i 


7 


1 


8 


2 


2 


2 


2 




i 


9 


2 


0 


4 


4 


4 


4 




2 


0 


2 


2 


o~ 


5 


5 


~0 




2~~ 


3 


2 


~4 



be two super column vectors. Clearly X and Y are similar super 
column vectors. 

Consider 



"1 


2 " 


3 


4 


5 ~~ 


~~6 


7 


8 


9 


1 


r 


~2 


i 


3 


5 


1 


7 


0 


9 ~~ 


~2 



a super column vector. Though both P and Y have similar 
partition yet P and Y are not similar super matrices. 
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Thus if P and Y are similar in the first place they must have 
same natural order and secondly the partitions on them must be 
identical. 



Example 1.1.13: Let 





"2 3 


7 


0 


2 


5 


7 


9 


0 


1 


4" 


X = 


0 5 


8 


1 


3 


6 


1 


0 


8 


2 


5 




1 6 


9 


1 


1 


1 


8 


1 


3 


3 


6 


be a super row vector. 




















Take 


"1 3 


0 


1 


8 


9 


1 


7 


6 


3 


f 


Y = 


0 4 


0 


0 


1 


7 


0 


4 


0 


9 


2 




2 5 


7 


0 


2 


8 


2 


2 


1 


1 


3 



be another super row vector. Clearly X and Y are similar super 
row matrices. That is X and Y have identical partition on them. 



Example 1.1.14: Let 



X = 



and 



Y = 



be two super matrices. 

Both X and Y enjc 
X and Y are similar super matrices. 



"3 


1 


2 


5 


4“ 


7 


8 


9 


0 


1 


1 


-1 


0 


3 


8 


2 


0 


4 


0 


9 


3 


2 


-1 


0 


1 


1 


0 


2 


-4 


2 


" 1 


2 


3 


4 


5“ 


6 


7 


7 


9 


0 


1 


1 


1 


2 


3 


-1 


4 


5 


-1 


0 


7 


0 


0 


0 


7 


0 


1 


-2 


3 


1 


the 


same 


or identical 
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Example 1.1.15: Let 



1 2 3 4 5 

3 0 10 2 

~1 8 0 2 

-14-10 -2 

X = 0 -5 1 0 1 

1 2-140 

0 I 2 0 T 

10 0 12 

-2 4 3 4 -1 

and 

"4 0 2 1 5 

0-2102 

7 -1 1 6 2 

0 8 0 -7 0 

Y = 1 -4 8 1 6 

8 0 0 9 1 

3 I 7 0 2 

2-1640 
0 4 0 2 1 

be two super matrices. 

Clearly X and Y are similar super matrices as they enjoy 
identical partition. We can add only when two super matrices of 
same natural order and enjoy similar partition otherwise 
addition is not defined on them. 

We will just show how addition is performed on super matrices. 

Example 1.1.16: Let X = (0 1 2 I 1 -3 4 5 I -7 8 9 0 -1) and Y = 
(8 -1 3 I -1 2 3 4 I 8 1 0 1 2) be any two similar super row 
vectors. Now we can add X with Y denoted by X + Y = (0 1 2 I 
1 -3 4 5 I -7 8 9 0 -1) + (8 -1 3 I -1 2 3 4 I 8 1 0 1 2) = (8 0 5 I 0 0 
-1 7 9 11 9 9 1 1). We say X + Y is also a super row vector 
which is similar with X and Y. 
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Now we have the following nice result. 

THEOREM 1.1.1: Let S = {(ai a 2 ci 3 I ci 4 a 5 I a 6 a 7 a 8 a 9 1 ... I a,,.;, 
a„) I cii € R; 1 <i <nj be the collection of all super row vectors 
with same type of partition, S is a group under addition. Infact S 
is an abelian group of infinite order under addition. 

The proof is direct and hence left as an exercise to the reader. 

If the field of reals R in Theorem 1.1.1 is replaced by Q the 
field of rationals or Z the integers or by the modulo integers Z n , 
n < 00 still the conclusion of the theorem 1.1.1 is true. Further 
the same conclusion holds good if the partitions are changed. S 
contains only same type of partition. However in case of Z n , S 
becomes a finite commutative group. 

Example 1.1.17: Let P = {(ai I a 2 a 3 I a 4 a 5 a 6 1 a 7 a 8 a 9 ai 0 ) I a ; e 
Z; 1 < i < 10} be the group of super row vectors; P is a group of 
infinite order. Clearly P has subgroups. 

For take H = { (ai I a 2 a 3 1 a 4 a 5 a 6 1 a 7 a 8 a 9 ai 0 ) I a ; e 5Z; 1 < i 
< 10} <z P is a subgroup of super row vectors of infinite order. 



Example 1.1.18: Let G = {(ai a 2 I a 3 ) I ai e Q; 1 < i < 3} be a 
group of super row vectors. 

Also we have group of super row vectors of the form given by 
the following examples. 

Example 1.1.19: Let 





' 


/ „ 






' 






a i a 4 


a 7 a i0 a i3 a i6 


a i9 






G = 




a 2 a 5 


a 8 a il a i4 a i7 


a 20 




a i eQ,l<i<21 






v a 3 a 6 


a 9 a i2 a i5 a i8 


a 21 y 







be the group of super row vectors under super row vector 
addition, G is an infinite commutative group. 



Example 1.1.20: Let 



V = 



V a 2 



a 3 


a 5 


a 7 


a 9 


a 4 


a 6 


00 


a i0 y 



R,1 <i < 10 
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be a group of super row vectors under addition. 

Now having seen examples of group super row vectors now we 
proceed onto give examples of group of super column vectors. 
The definition can be made in an analogous way and this task is 
left as an exercise to the reader. 

Example 1.1.21: Let 




be the collection of super column vector with the same type of 
partition. 

Now we can add any two elements in M and the sum is also 
in M. 

For take 




in M. Now 
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f 3 ) 




"7 n 




'l(T 


2 




0 




2 


-1 




1 




0 


T 




~2 




~6~ 


-7 


+ 


-1 


= 


-8 


¥ 




y 




13 


0 




9 




9 


5 




2 




7 


s 2 > 




-K 




V 1 y 



is in M. Thus M is an additive abelian group of super column 
vectors of infinite order. 



ro^ 



Clearly 



0 

0 

0 

0 

0 

0 

0 



acts as the additive identity in M. 



Example 1.1.22: Let 



P = 






a ; e Q,1 <i < 8 



^6 

a? 



lV a ^| J 

be a group of super column vectors under addition. 
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Example 1.1.23: Let 




be a group of super column vectors under addition of infinite 
order. Clearly M has subgroups. 

For take 




is a subgroup of super column vectors of M. 

Now we proceed onto give examples of groups formed out of 
super matrices with same type of partition. 

Example 1.1.24: Let 
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be the collection of super matrices of the same type of partition. 



Consider 



0 


1 


2 


3 


4 


5 


6 


0 


1 


2 


r 


0 


2 


0 


~7 


3~~ 


0 


1 


2 


~o 


1 


-4 


2 


0 


l 


2 


0 


0 


1 


2 



and 





"3 


0 


1 


0 


2 " 




8 


1 


3 


6 


0 


v — 


7 


6 


1 


6 


2 


y - 


r 


2 


5 


1 


0 




3 


4 


7 


0 


2 




_5 


6 


0 


1 


-2 


be two super matrices in M. 












"3 


1 


3 


3 6 






13 


7 


3 


7 2 


x + y 




8 


6 


3 


6 3 




4 


2 


6 


3 0 






4 


0 


9 


0 3 






7 


6 


0 


2 0 



is in M and the sum is also of the same type. 

Thus M is a commutative group of super matrices of infinite 
order. 
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Example 1.1.25: Let 




be a group of super matrices of infinite order under addition. 
Consider the subgroups H= {Ae PI entries of A are from 3Z} 
c P; H is a subgroup of super matrices of infinite order. Infact P 
has infinitely many subgroups of super matrices. 

Consider 




c P is a subgroup of super matrices of infinite order under 
addition of P. Now we cannot make them as groups under 
multiplication for product of two super matrices do not in 
general turn out to be a super matrix of the desired form. 

Next we leave for the reader to refer [47], for products of super 
matrices. 
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1.2 Refined Labels and Ordinary Labels and Their 
Properties 

In this section we recall the notion of refined labels and 
ordinary labels and discuss the properties associated with them. 
Let Li, L 2 , . . L m be labels where m > 1 is an integer. 

Extend this set of labels where m > 1 with a minimum label 
L 0 and maximum label L m+1 . In case the labels are equidistant 
i.e., the qualitative labels is the same, we get an exact qualitative 
result, and the qualitative basic belief assignment (bba) is 
considered normalized if the sum of all its qualitative masses is 
equal to L max — L m+ i [48]. 

We consider a relation of order defined on these labels 
which can be “smaller” “ less in quality” “lower” etc. Li < L 2 < 
... < L m . Connecting them to the classical interval [0, 1] we 
have 0 = Li < L 2 < . . . < L t < . . . < L m < L m+ i = 1 and 




m + 1 



for i e {0, 1, 2, ..., m, m + 1}. [48] The set of labels L = {L 0 , 
Li, ..., L m , L m+ i] whose indices are positive integers between 0 
and m+1, call the set 1 -tuple labels. The labels may be 
equidistact or non equidistant [ ] call them as ordinary labels. 

Now we say a set of labels { L|, ..., L m ] may not be totally 
orderable but only partially orderable. In such cases we have at 
least some L, < Lj, i +j; 1 < i, j < m, with L 0 the minimum 
element and L m+ i the maximum element. We call {L 0 , Li, ..., 
L m , L m+ i} a partially ordered set with L 0 = 0 and L m+1 = 1. Then 
we can define min {Lj, Lj } = L, n L, and max {Li, Lj } = L, u L, 
where L, n L, = L k or 0 where L, > L k and Lj > L k and L, u L, = 
L t or 1 where L, > Lj and L t > Lj ; 0 < k, t, i, j < m + 1. 

Thus {0 = L 0 , Li, ..., L m , L m+ i = 1, u, n (min or max)} is a 
lattice. 

When the ordinary labels are not totally ordered but 
partially ordered then the set of labels is a lattice. It can also 
happen that none of the attributes are “comparable” like in study 
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of fuzzy models only “related” in such cases they cannot be 
ordered in such case we can use the modulo integers models for 
the set of modulo integers Z m+1 (m+1 < °°) (n = m+1) is 
unorderable. 

Now [48] have defined refined labels we proceed onto 
describe a few of them only to make this book a self contained 
one. For more please refer [48]. The authors in [48] 
theoretically extend the set of labels L to the left and right sides 
of the interval [0, 1] towards - °o and respectively to °o. 

So define 




where Z is the set of all positive and negative integers zero 
included. 

Thus L z = {.., L.j, ..., L_i, L 0 , L u ..., Lj, ...} = [Lj / j e Z] 
that is the set of extended labels with positive and negative 
indexes. 

Similarly one can define L Q = {F q / q e Q] as the set of 
labels whose indexes are fractions. L Q is isomorphic with Q 

through the isomorphism f Q (L q ) = — - — , for any q e Q. 

m + 1 

Even more general we can define 




where R is the set of reals. L R is isomorphic with R through the 
r 

isomorphism f R (r) = for any r e R. The authors in [ | 

m + 1 

prove that [L R , +, x] is a field, where + is the vector addition of 
labels and X is the vector multiplication of labels which is called 
the DSm field of refined labels. Thus we introduce the decimal 
or refined labels i.e., labels whose index is decimal. 

For instance L 3 /i 0 = L 0 .3 and so on. For [ F , , F 2 ], the middle 
of the label is Fi. 5 = F 3/2 . 

They have defined negative labels L , which is equal to -F,. 
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(L r , +, x, .) where V means scalar product is a commutative 
linear algebra over the field of real numbers R with unit element 
and each non null element in R is invertible with respect to 
multiplication of labels. 

This is called the DSm field and Linear Algebra of Refined 
labels (FLARL for short). 

Operators on FLARL is described below [48]. 



Let a, b, c e R and the labels 



U = , L b = and L c = . 

m + 1 m + 1 m + 1 



Let the scalars a, P e R. 



t a b _ a + b 

L a + L b — + — — — — L a+b . 

m + 1 m + 1 m + 1 



a b a -b 

a_ b ~ m + 1 ~ m + 1 ” m + 1 ' 



since 



L a X L b — L 



(ab)/m+l 



a b ab / m + 1 
m + 1 m + 1 m + 1 



For a e R, we have 
since 



a. L a = L a a = L 



oca 



_ a aa 

a.L a = a. = . 

m + 1 m + 1 



For 



Also 



OC — 1 , 1 L a — L_ a — L a . 
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y =L a +P = ^ = 1^. 



(P * 0) (v L a = — and - x- a 



m + 1 p m + 1 P(m + 1) 



)• 



La • Lb 



L 



(a/b)(m+l) 



since 



a b a _ (a/b)m + l 

m + 1 ’ m + 1 b m + 1 



since 



for all p e R. 




(L a ) 



,p 



■ ■ 1 



' a Y _ a p /(m + ir 1 

v m + l J m + 1 



Vk = (La) 17 " 

= L , 

a 1,k /(m+l K k 

this is got by replacing p by 1/k in (L a ) p . [ ] 

Further (L R , +, x) is isomorphic with the set of real numbers 
(R, +, x); it results that (Lr, +, x) is also a field, called the DSm 
field of refined labels. 



The field isomorphism 



such that 



f R : L r -+ R; f R (L r ) = — 

m + 1 
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since 



fR (La + Lb) — fR (L a ) + fR (Lb) 



so 



fR (L a + Lb) — fR (L a+ b) 
_ a + b 
m + 1 



fR (L a ) + fR (Lb) — h — 

m + 1 m + 1 



a + b 
m + 1 



f R (L a x L b ) = fR (L a ). f R (L b ) 



since 



and 



fR (L a x Lb) — fR (L (ab y( m+ i)) 

ab 

“ (m + 1) 2 



fR (La) X f R (L b ) = 

m + 1 

a.b 

” (m + 1) 2 ' 



b 

m + 1 



(L r , +, .) is a vector space of refined labels over R. 

It is pertinent to mention here that (L R , +, .) is also a vector 
space over L R as L R is a field. So we make a deviation and since 
L r = R, we need not in general distinguish the situation for we 
will treat both (L R , +, .) a vector space over R or (L R , +, .) a 
vector space over Lr as identical or one and the same as L R = R. 

Now we just recall some more operations [48]. 

Thus (L r , +, x, .) is a linear algebra of refined labels over 
the field R of real numbers called DSm linear algebra of refined 
labels which is commutative. 

It is easily verified that multiplication in L R is associative 
and multiplication is distributive with respect to addition. 
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L m+ i acts as the unitary element with respect to multiplication. 



La* L m+ i 


= 


La.m+1 

Lm+l.a 

Lm+i.La 




= 


La(m+l)/m+l 

L a . 


All L a * Lo 


are invertible, 


(La)' 1 


= 


L 2 = — 

(m+l) 2 /a t 


L a . (La)'* 


= 


La ‘ L (m+l) 2 /a 




= 


L 

(a(m+l) 2 /a)/m+l 




= 


Lm+i* 


Also we have for a e R and L a 


L a + a 


= 


a + L a 




= 


La+a (m+1) 


since 






a + L a 


= 


a(m + l) T 

— - + L 

m + 1 




= 


La(m+1) + L a 




= 


La(m+l)+a 




= 


L a + L a(m+ i) 




= 


La+a (m+1). 


La - a 


= 


T a(m + l) 

L a 

m + 1 




= 


L a — L a (m+1) 




= 


L a - a (m+1) 
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and 



a - L a 



Further 



for a + 0. 



L 



a (m+1) - a • 



^=L a xi = L, 
a a - 



a + L a = 



L 



a(m+l) 2 

a 



as 

at-La 



a(m + l) T 
m + 1 

La{m+1) ~ L a 

L(a(m+l)/a)-m+l 

L 

“(m+1) 2 



[48], 



It is important to make note of the following. 

If R is replaced by Q still we see L q = Q and we can say 
(L q , +, .) is a linear algebra of refined labels over the field Q. 

Further (L R , +, .) is also a linear algebra of refined labels 
over Q. 

However (L q , +, .) is not a linear algebra of refined labels 
over R. For more please refer [48]. 
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Chapter Two 



Supermatrices of Refined Labels 



In this chapter we for the first time introduce the notion of 
super matrices whose entries are from L R that is super matrices 
of refined labels and indicate a few of the properties enjoyed by 
them. 

DEFINITION 2.1: Let X - (L„ ,L n L n ) be a row matrix of 

refined labels with entries L a € L R ; 1 <i <n. IfX is partitioned 

in between the columns we get the super row matrix of refined 
labels. 

Example 2.1: Let X = (l^ |L aj L aj L a5 L a6 |L a? ) ; a ; e L R ; 
1 < i < 7, be a super row matrix (vector) of refined labels. 

Example 2.2: Let 

Y= ( L bl L b2 L bj |L b4 |L bj L b6 L b? L bg |L b9 L bio ) ; 

L b e L r , 1 < i < 10, be a super row matrix of refined labels. 

Now for matrix of refined labels refer [48]. We can just say if 
we take a row matrix and replace the entries by the refined 
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labels in L R and partition, the row matrix with refined labels 
then we get the super row matrix (vector) of refined labels. 

Now we see that two 1 x n super row matrices (vectors) are 
said to be of same type or similar partition or similar super row 
vectors if they are partitioned identically. For instance if x = 

( L a,| L a 2 L a 3 |-| L a n ) andy = (L b jL b2 L b3 |...|L b J are two 

super row vectors of refined labels then x and y are similar or 
same type super row vectors. 

Suppose z = (L c L C2 L Cj |L c< •••|L C ] L c ) then z and x 

are not similar super row vectors as z enjoys a different partition 
from x and y. 

Thus we see we can add two super row vectors of refined 
labels if and only if they hold the same type of partition. For 
instance if 

x= (L L |L |L L L ) 

V a l *J | «3 r«4 a 5 a 6 / 

and 

y= ( L bl L b 2 | L b 3 | L b 4 L b 5 L bJ 

where L a , L b e L R we can add x and y as both x and y enjoy 

the same type of partition and both of them are of natural order 

1 x 6. 

x + y — L a2 |L % |L a4 L aj L a( _ ) + 

( L b, L b2 |L bj |L b4 L bj L b J 

= ( L ai + L bl L a 2 + L b 2 | L a 3 +L b 3 | L a 4 +L b 4 L a 5 +L b 5 L a 6 +L b 6 ) 
(■^"' a i+b 1 ^a 2 +b 2 |^'a 3 +b3 |^a 4 +b 4 ^“'aj+bg ^a 6 +b 6 ) * 

We see x + y is of the same type as that of x and y. In view of 
this we have the following theorem. 



Theorem 2.1: Let 



={( 



V ={\L L L \L L I...I L 



L a n )\ L a, G L K ;l<i<n} 



be the collection of all super row vectors of refined labels of 
same type. Then V is an abelian group under addition. 
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Proof is direct and hence is left as an exercise to the reader. 
Now if 




denotes the super matrix column vector (matrix) of refined 
labels if 

(i) Entries of X are elements from L R . 

(ii) X is a super matrix. 

Thus if a usual (simple) row matrix is partitioned and the 
entries are taken from the field of refined labels then X is 
defined as the super column matrix (vector) of refined labels. 

We will illustrate this situation by an example. 

Example 2.3: Let 




where L a e L R ; 1 < i < 7 be the super column vector of refined 
labels. 

Example 2.4: Consider the super column vector of refined 
labels given by 
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where L a e L R ; 1 < i < 10. 
Example 2.5: Let 




where L a e L R ; 1 < i < 4 is a super column vector of refined 
labels. 

Now we can say as in case of super row vectors of refined 
labels, two super column vectors of refined labels are similar or 
of same type is defined in an analogous way. 

We will illustrate this situation by some examples. 

Consider 
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be two super column vectors of same type of similar refined 
labels; L a ,L b e L R ; 1 < i, j < 6 . Take 




be a super column vector of refined labels, we see P is not 
equivalent or similar or of same type as A and B. 

Now having understood the concept of similar type of super 
column vectors we now proceed onto define addition. In the 
first place we have to mention that two super column vectors of 
refined labels are compatible under addition only if; 

(1) Both the super column vectors of refined labels A and 
B must be of same natural order say n x 1 . 

(2) Both A and B must be having the same type of 
partition. 

Now we will illustrate this situation by some examples. 

Let 
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be two super column vectors of refined labels over L R ; that is 
L a . , L b . eL R ;l<i,j<8. 

Clearly A and B are of same type super column vectors of 
refined labels. 

Consider 




the super column vector of refined labels is not of same type A 
and B. Clearly all A, B and M are of same natural order 8x1 
but are not of same type as M enjoys a different partition from 
A and B. 

In view of this we have the following theorem. 

Theorem 2.2: Let 



K 
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be a collection of super column vectors of refined labels of same 
type with entries from L R . K is a group under addition of infinite 
order. 



The proof is direct and simple hence left as an exercise to the 
reader. 

Let 







X" 


L a 2 




L b 2 


L a 3 




k 


L a 4 




L b 4 


L a 5 


and B = 


L b 5 


L - 




L h 

b 6 


L a 7 




L h 

b 7 


L a 8 




L h 

b 8 


L - 




L, 

b 9 _ 



where L a ,L b e L R ; 1 < i, j < 9 and 



X" 




xT 

J 




X 


J 

+ 




ai+b. 


L a 2 




L h 

b 2 




L a 2 


+ L. 

b 2 




&2 + b 2 


L a 3 




L h 

b 3 




L a 3 


+ L, 

b 3 




a 3 +b 3 


k 




L, 

b 4 




L a 4 


+ L h 

b 4 




^a 4 +b 4 


L a 5 


+ 


L h 

b 5 


= 




+ L h 

b 5 


= 


b a 5 +b 5 


L . 




L h 

b 6 




k 


+ L, 

b 6 




a6+ b 6 


L a, 




L, 

b 7 




L a, 


+ L h 

b 7 




b a v +b 7 


L a 8 




L h 

b 8 




L a 8 


+ L. 

b 8 




^ a 8 +b 8 






L, 

b 9 _ 




L a, 


+ L, 

b 9 J 




a 9 +b 9 



It is easily seen A + B is again of same type as that of A and B. 

Now the super row vectors of refined labels and super 
column vectors of refined labels studied are simple super row 
vectors and simple column vectors of refined labels. We can 
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extend the results in case of super column vectors (matrices) 
and super row vectors (matrices) of refined labels which is not 
simple. 



We give just examples of them. 



Example 2.6: Let 



V = 



K 

L 




K 

L, 



L L 


L 


a io ail 


a 16 


L, L a 


L a 


a 12 a 13 


a 17 


L L 


L 


a 14 a 15 


a 18 _ 



where L a e L R ; 1 < i < 18 be a super row vector of refined 
labels. 



Example 2. 7: Let 



L ai 


L a 2 


L a 3 




L a 5 


L a 6 


L . 


L a s 


L a, 


L 

d 10 


L au 


L 

d 12 


L a„ 


L a„ 


L ai 3 


L ai6 


L a„ 


L 

a 18 


L 

a 19 


L 

a 20 


L 

“21 


L 

“22 


L 

d 23 


L 

d 24 


L 

“25 


L 

d 26 


L 

d 27 


L 

d 28 


L 

“29 


L 

d 30 


L a 3 i 


L 

d 32 


L 

“33 


L a 34 


L a 35 


L a 36 


L a„ 


L 

d 38 


L 

d 39 


L 

d 40 



where L a e L R ; 1 < i < 40 be a super column vector of refined 
labels. 

When we have m x n matrix whose entries are refined 
labels we can partition them in many ways while by partition we 
get distinct super column vectors (super row vectors); so the 
study of super matrices gives us more and more matrices. 
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For instance take 




where L a e L R ; 1 < i < 8. Now how many super matrices of 
refined labels can be built using V. 
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and so on. 
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Thus using a single ordinary column matrix of refined 
labels we obtain many super column vectors of refined labels. 
So we can for each type of partition on V get a group under 
addition. This will be exhibited from the following: 

Consider 




be a column vector of refined labels. 




Thus we have seven super column vectors of refined labels 
for a given column vector refined label X. 

Now if 




be the collection of all super column vectors of refined labels. 
Then T| is a group under addition of super column vectors of 
refined labels. 
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Likewise 







V 






t 2 = 


x 2 = 


La 2 

L a, 




L aj €L R ;l<i<4 






K 







is a super column vector group of refined labels. 

Thus T, = {X ; |L a _eL R ;l<i< 4} is a super column vector 

of refined labels i=l,2, 3, 7. Hence we get seven distinct 

groups of super column vectors of refined labels. 

Consider Y = (L n L, L, L„ L, ) be a super rows 

V a l a 2 a 3 a 4 a 5 / r 

vector (matrix) of refined labels. 



Y,= 


(La, 


! L a, 


L„3 


La 4 


La 5 


).Y,= (L, 


La 2 | 


La, 


La 4 


Lj 


y 3 = 


K 


L a 2 


L a,| 


La 4 


La, 


)- Y *=( L , 


La 2 


La, 


L a 4 | 


Lj. 


y 5 = 


(m 


L a 2 


! L a 3 


L a 4 


La, 


)- Y «=(L, 


| L a 2 


La, 


| L a 4 


L a, ) ’ 


y 7 = 


(K\ 


L a 2 


L a 3 


L a 4 


| L a, 


)- Y >=( L , 


L a 2 | 


La, 


| L a 4 


L J. 


y 9 = 1 


K 


L a 2 | 


La, 


L a 4 | 


Lj 


. Y,o = (L a , 


La 2 


La, 


| L a 4 | 


L J. 


Y„ = 


(M 


L a 2 


K\ 


L a 4 


La, 


)- Y ,= =( L , 


| L a 2 


K 


L a 4 


|lJ. 


y 13 = 


( L a, 


! L a 2 


La, 


| L a 4 


| L a, 


)' Y »= ( L , 


L a 2 


| L a, 


| L a 4 


I L J 






and Y 15 = 1 


(La, 


L L L 

1 a 2 a 3 | a 4 


|La,: 


)• 







Thus we have 15 super row vectors of refined labels built 
using the row vector Y of refined labels. Hence we have 15 
groups associated with the single row vector 

x - (L, L h L„ L„ L., ) 

of refined labels. 

This is the advantage of using super row vectors in the place 
of row vectors of refined labels. 

Consider the matrix 
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of refined labels. How many super matrices of refined labels can 
be got from P. 
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and 



L a, 


L a 2 


La 3 _ 




'La, 


L a 2 


L a 3 ' 


L a 4 


La 5 


La 6 


,P 24 = 


La 4 


La 5 


La, 


L a 7 


L a s 


La, 


La, 


La s 


La, 


L 

d 10 


La n 


L 

d 12 




L 

d 10 


L a„ 


L 

d 12 


"L ai 


L a 2 


La 3 ‘ 






L a 2 


L a 3 


L a 4 


L a 5 


L a 6 


,P 26 = 


L a 4 


L a 5 


L a 6 


La, 


L a s 


La, 


La, 


La 8 


La, 


L 

d 10 


L a n 


L 

d 12 




L 

d 10 


L a„ 


L 

a 12 








l 32 


La 3 _ 








P 27 = 


La 4 


La s 


La 6 








La, 


L a 8 


La, 










L 

d 10 


L a u 


L 

d 12 







Thus the matrix P of refined labels gives us 27 super matrix 
of refined labels their by we can have 27 groups of super 
matrices of refined labels using Pi, P 2 , P 27 . Now suppose we 

study the super matrix of refined labels using L R+U{0) = { L, I r e 

R + u {0}} then also we can get the super matrix of refined 
labels. In this case any super matrix of refined labels collection 
of a particular type may not be a group but only a semigroup 
under addition. Let 



X 



= {(K 



L L L |L, L 



,) L a, 



R + u{0}J 



be a collection of super row vector of refined labels with entries 
from L r+u(q| . Clearly X is only a semigroup as no element has 

inverse. 

Thus we have the following theorem. 



Theorem 2.3: Let 



X = 




e Lr+u/O/ 



1 <i< n 



} 
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be a collection of super row vectors of refined labels. X is a 
commutative semigroup with respect to addition. 



The proof is direct and simple and hence left as an exercise to 
the reader. 

Now consider 




be the super column vector of refined labels. 

Now we say as in case of other labels that two super column 
vectors of refined labels x and y from L r+u(q| are equivalent or 

similar or of same type if both x and y have the same natural 
order and enjoy identical partition on it. 

We can add only those two super column vector refined 
labels only when they have similar partition. 

Consider 




where L e L + ; 1 < i < 7. 

a i R + u{0) ’ 
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X+Y is defined and X+Y is again a super column vector of 
refined labels of same type. In view of this we have the 
following theorem. 

Theorem 2.4: Let 




be the collection of super column vectors of refined labels of 
same type with entries from L r !(ji . M is a semigroup under 

addition. 

This proof is also direct and hence left as an exercise to the 
reader. 

Now we show how two super column vectors of refined 
labels are added. 

Let 
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be any two super column vectors of refined labels. Both X and 
Y are of same type and X+Y is also of the same type as X and 
Y. We see now as in case of usual super column vector of 
refined labels we have 



La, 


L a 2 


L a 3 


L a 4 


L a 5 


La 6 


L a, 


L a 8 


La, 


L 

d 10 


La, 


L 

d 12 


L a„ 


L a 14 


L a I5 


L a„ 


L a 17 


L 

a 18 



is a super column vector of refined labels from the set L . 

r R + u{0} 

Likewise 



L eL , } 

a i R + u{0} 

is a super row vector of refined labels and it is easily verified Y 
is not a simple super row vector of refined labels. 

Now it is interesting to note L r+u)o) = {set of all refined 

labels with positive value} is a semifield of refined labels or 
DSm semifield of refined labels and L , = R + u {0} [48]. 

R + u{0} l J L J 

Thus we see further 





L, 


L a 2 


L a 3 


La, 


A = 


L a 5 


La, 


La, 


La 8 




La, 


L 

d 10 


L a„ 


L 

d 12 
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is a super matrix of refined labels with entries from L , 

r R + u{0) 

Suppose 





L a 2 


L a 3 




L a 5 




L a, 




L a 9 


L 

a 10 


L a 13 


L 

a 12 


L a 13 


L a 14 


L a 15 


ke. 



be a super matrix of refined labels with entries from L + 

Now if we consider super matrices of refined labels with entries 
from L R+u(Q| of same natural order and similar type of partition 

then addition can be defined. 

We will just show how addition is defined when super 
matrices of refined labels are of same type. 




be any two super matrices of refined labels with entries from 



J R + u{0) 



; 1 < i < 20. 



L aj 




L a 3 


L a 4 




L a 6 








L 

d 10 


L a 31 


L 

a 12 


L a 13 


L a 14 


L a I5 


L a 16 


L a 12 


L 

a 18 


L 

a 19 


L a 

a 20 . 
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We see A+B, A and B are of same type. In view of this we 
have the following theorem. 



Theorem 2.5: Let A 



a 4 a 5 a 6 cij are submatrices of 

dy d*Q 



refined labels with entries from L r + ; 1 < i < 9}. A is a 



semigroup under addition. 



Here A is a collection of all super matrices of refined labels 
where ai, a 2 and a 3 are submatrices of refined labels with same 
number of rows. Also a 4 , a 5 and a 6 are submatrices of refined 
labels with same number of rows. a7, a« and a 9 are submatrices 
of refined labels with same number of rows. 



Similarly ai, a 4 and a 7 are submatrices of refined labels with 
same number of columns. a 2 , a 5 and a 6 are submatrices of 
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refined labels with same number of columns. a 3 , a 6 and a 9 are 
submatrices of refined labels with same number of columns. 
Thus A is a semigroup under addition. 

Now L + gives the collection of all refined labels and 

Q u{0} 0 

l qmo, =Q +U {°}’ infact L QM0,£ L KMor 

Suppose we take the labels 0 = L 0 < L] < L 2 < . . . < L m = 
L m+1 = 1, that the collection of ordinary labels; then with min or 
max or equivalently n or u, these labels are semilattices or 
semigroups. That is L = {0 = L 0 < L| < L 2 < ... < L m < L m+i = 1 } 
is a semilattice. Infact when both u and n are defined L is a 
lattice called the chain lattice. 

LetP={(L a] L a jL a3 L aj ) |L a _ e l} = L 0 < L, < 

... < L m < L m+ i= 1 } be a super row vector of ordinary labels. We 
say two super row vector ordinary labels are similar or identical 
if they are of same natural order and hold same or identical 
partition on it. We call such super row vectors of ordinary labels 
as super row vectors of same type. 

Let 

X=(L.,|L„ L.JL., L„ Ljand 
A, L„ m L, s Lj 

be two super row vectors of ordinary labels; L a ,L b e L = { 0 = 

L 0 < Lj < L 2 < ... < L m < L m+ j = 1 }, 1 < i, j < 6. Now '+' cannot 
be defined. We define ‘u’which is max ( L a , L b ). 

Thus X u Y = ( L I L L a I L a L a L a ) u 

V a l | a 2 a 3 I a 4 a 5 a 6 / 

( L b, | L b 2 L b 3 | L b 4 L b 5 L b 6 ) 

=( L a, uI y | L a 2 L a uL bi | L a4 uL b4 L a uL b5 L a6 ) 

= (max{ L ai ,L bi } I max {L a2 ,L b2 }, max {L aj ,L^}l max 

{ L a 4 ’ L b 4 } max { L a 5 ’ L b 5 } max { L a 6 ’ L b 6 D 

= (l I L L I L L L ) . 

V C 1 I c 2 c 3 I c 4 c 5 c 6 J 
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We see X, Y and X u Y are same type of super row vectors 
of ordinary labels. 

In an analogous way we can define XnYor min {X,Y}- 
X nY is again of the same type as X and Y. 

Now we have the following interesting results. 



Theorem 2.6: Let v = 




€ L= (0 = L 0 < Lj < . . . < L m < L m+ 2 = lj; 1 <i < a n j be the 
collection of super row vectors of ordinary labels. V is a 
semigroup under ' U . 



Theorem 2.7: Let v= 




€ L = (0 = L 0 < Lj < . . . < L m = L m+ ] = lj; 1 <i <a n j be the 
collection of super row vectors of ordinary labels. V is a 
semigroup under 'ri. 



The proof is left as an exercise to the reader. 

In the theorem 2.7 if ‘n’ is replaced by ‘u\ V is a 
semigroup of super row matrices (vector) of ordinary labels. 

Now consider 
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where L a e L = {0 = L 0 < Li 

< . . . < L m < L m+ i=l}, 1< i < 8, P is a super column vector of 
ordinary labels. Now we cannot in general define u or n on any 
two super column vectors of ordinary labels even if they are of 
same natural order. Any two super column vectors of ordinary 
labels of same natural order can have u or n defined on them 
only when the both of them enjoy the same type of partition on 
it. 

We will now give a few illustrations before we proceed on 
to suggest some related results. 

Let 



V 




"Lb" 


L a 2 




L b 2 


L a 3 




L, 

b 3 


L . 




L h 

b 4 


L , 


and S = 


L h 

b 5 


L , 




L, 

b 6 


L . 




L, 

b 7 


L , 




L b 8 


L a, 




L b, 



be two super column vector matrices of ordinary labels where 
Lg. > L b . £ {L; 0 = Lo<L 1 <L 2 < ... < L m < L m+ i}; 1 < i , j < 9. 

Now we define min {T, S}= T n S as follows min { T,S } = 
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min 



X," 




r Lh i 

b i 




min ( L ai ’ L b, } 


L a 2 




L h 

b 2 




min l L a 2 - L b 2 ^ 


L a 3 




L. 

b 3 




min{L a 3 ,L b3 } 


L a 4 




L h 

b 4 




min{L a 4 ,L b4 } 


L a 5 


, 


L, 

b 5 


} = 


min { L a 5 ’ L b 5 } 


L a 6 




L, 

b 6 




mm{L a 6 ,L b6 } 


L . 




L. 

b 7 




min ( L a 7 7 L b 7 ) 


L a 8 




L b 8 




min { L a 8 > L b 8 } 


L a, 




L b, 




min{L a<) ,L b9 } 



T n S = 



"La," 




r Lh i 

b i 




"L ai 


nL bi " 






La 2 




L, 

b 2 




L a 2 


nL b2 




a 2 f'l b 2 


L a 3 




L, 

b 3 




L a 3 


nL 

b 3 




La 3 nb 3 


L a 4 




L, 

b 4 




L a 4 


nL 

b 4 




b^ 


L a 5 


n 


L, 

b 5 


= 


L a 5 


nL 

b 5 


= 


La 5 nb 5 


L a 6 




b 6 




L a 6 


nL. 

b 6 




^a 6 nb 6 


L a 7 




L, 

b 7 




L a 7 


nL h 

b 7 




a 2 i"*! by 


L a 8 




L. 

b 8 




L a 8 


nL. 

b 8 




La 8 nbg 


La, 




L. 

b 9 




La, 


nL 

b 9 




a 9 nb 9 
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“'min{a 1 ,bj } 



min{a 2 ,b2 } 
min{a 3 ,b 3 } 
min{a 4 ,b 4 } 



"'min{a 5 ,b 5 } 



^minfag,^} 
min{a 7 ,b 7 } 
Lmin{a 8 ,b s ] 
L m i n {a 9 ,b 9 j 




We make a note of the following. 

This min = n (or max = u) are defined on super column 
vectors of ordinary labels only when they are of same natural 
order and enjoy the same type of partition. 

Theorem 2.8: Let 




= /0 = L 0 < Lj < L 2 < ... < L,„ < L m+I = lj} be the collection of 
all super column vectors of ordinary labels which enjoy the 
same form of partition. 
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(i) {K, uj is a semigroup of finite order which is 
commutative ( semilattice of finite order ) 

(ii) {K ,nj is a semigroup of finite order which is 
commutative ( semilattice of finite order ) 

(iii) {K ,u, nj is a lattice of finite order. 



Now we study super matrices of ordinary labels. 
Consider 



H = 



K 


L a 2 


L a 3 


L a 4 


L a 5 


L a 6 


L a, 





is a super matrix of ordinary labels. 
Let 



L a, 


L a/ 


L a 3 


L a 4 


L a s 


L a 6 


L a, 





M = 



again a super matrix of ordinary labels with entries from L= { 0 
= Lq < Li < Lo < . . . < L m < L m+ i =1 } . 

Take 



P = 



L L 

a 7 a 

P is again a super matrix of ordinary labels. 
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is a supermatrix of ordinary labels. 




are super matrices of ordinary labels. 




are super matrices of ordinary labels. 




are super matrices of ordinary labels. 
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are super matrices of ordinary labels. 
Now 




is again a super matrix of ordinary labels. Thus we have H , M , 
P,R,V,W,T,B,C,D,E,F,G,L and Q; 15 super 
matrices of ordinary labels of natural order 4x2. 

Now we can also get 15 super matrix semigroups under ‘u’ 
and 15 super matrix semigroup under n of finite order. 

Thus by converting an ordinary label matrices into super 
matrices makes one get several matrices out of a single matrix. 

THEOREM 2.9: Let A = { all m x n super matrices of ordinary 
labels of same type of partition}. A is a semigroup under n(or 
semigroup under u) of finite order which is commutative. 

Now having seen examples and theorems about super 
matrices of ordinary labels, we in the chapter four proceed on to 
define linear algebra and vector spaces of super matrices. It is 
important to note that in general usual products are not defined 
among super matrices. In chapter three we define products and 
transpose of super label matrices. However even the collection 
of super matrices of same type are not closed in general under 
product. 
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Chapter Three 



Operations on Supermatrices of 
Refined Labels 



In this chapter we proceed on to define transpose of a super 
matrix of refined labels (ordinary labels) and define product of 
super matrices of refined labels. 

Let 



A = 





be a super column matrix of refined labels with entries from L R . 
Clearly the transpose of A denoted by 
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Thus we see the transpose of A is the super row vector (matrix) 
of refined labels. If we replace the refined labels by ordinary 
labels also the results holds good. 

Consider 

P= (L L LlLlL L L L|L L ) 

\ a l a 2 a 3 I a 4 | a 5 a 6 a 7 a 8 | a 9 a 10 / 

be a super row vector (matrix) of refined labels. 

Now L a e L r ; 1 < i < 9. Now the transpose of P denoted 
by P* is 




we see P ( is a super column matrix (vector ) of refined labels. 
However if we replace the refined labels by ordinary labels still 
the results hold good. 
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Let 



L aj 


L a 2 


L a 3 


L a 4 


L a 5 


K 


L a , 


L a s 


L a, 


L 

“10 




L 

a 12 


L a I3 


L a 14 


L a I5 


K, 


L a 17 


L 

“18 


L 

“19 


L 

“20 


L 

d 21 


L 

“22 


L 

“23 


L 

“24 


L 

“25 . 



be a super matrix of refined labels with entries from L R ; ie L a e 



L r ; 1 < i < 25. 



1 

r 


L a 2 


L a, 


L a 4 


La , 




L , 


L a s 


L a, 


L 

“10 


L a n 


L 

“12 


L a 13 


L a 14 


L a 15 


L a I6 


L 

“17 


L 

“l8 


L 

“19 


L 

“20 


1 


L 

“22 


L 

“23 


L 

“24 


L 

“25 


j 3 

i 




L ., 


La 16 


L a 1 
“21 


L a 2 


L , 


L 

“12 


L a 17 


L 

“22 




L , 


L a I3 


L 

“l8 


L 

“23 


L a 4 


L , 


L a 14 


L 

“19 


L 

“24 


1 


L 

“10 


L a I5 


L 

“20 


L 

“25 _ 



is again a supermatrix of refined labels with entries from L R ; 
L a se Lr ; 1 i 5a 25. 

Let 



L a , 


L a 2 


L a 3 


L a 4 


La, 


La/ 


La 7 


L a s 


La, 


L 

“10 


L a n 


L 

“ l 2 


L a 13 


L a I4 


L a 15 


L a 16 


L 

a 17 


L 

“ l 8 


L 

“ l 9 


L 

“20 


L 

“21 


L 

“22 


L 

“23 


L 

“24 


L 

“25 


L 

“26 


L 

“27 


L 

“28 


L 

“29 


L 

“30 


L a 31 


L 

“32 


L a 33 


L a 34 


L a„ 


L a 36 . 
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be a super matrix of refined labels with entries from L R ; L a e 
L r ; 1 < i < 36. 



L aj 


L a 2 


L a 3 


L a 4 


L a 5 


L a 6 


L , 


L , 


L a, 


L 

d 10 


L a n 


L 

“12 


L a 13 


L a 14 


L a I5 


L a 16 


L a I7 


L 

“18 


L a 

“19 


L 

“20 


L a 

“21 


L a 

“22 


L a 

“23 


L 

“24 


L a 

“25 


L 

“26 


L a 

“27 


L a 

“28 


L a 

“29 


L 

“30 


L a, 


L 

“32 


L a 33 


L a 34 


L a 35 


L a». 





L a, 


L a 13 


L 

“19 


L 

“25 


L 

“31 


L a 2 


K 


L , 4 


L 

“20 


L 

“26 


L 

“32 


L , 


K 


L a I5 


L a 

“21 


L 

“27 


L a 

“33 


L a 4 


L 

“10 


L a 16 


L 

“22 


L 

“28 


L a M 


L a 5 


L a., 


L a I7 


L 

“23 


L 

“29 


L a 35 


L a 6 


L 

“12 


L 

“18 


L 

“24 


L 

“30 


La* 



is again a supermatrix of refined labels with entries from L R ; 
L a e L r ; 1 < i < 36. 

Suppose 



L a, 


L a 2 


L a 3 


La 4 


La 5 


L a 6 


L a 7 


L a s 


La, 


L a 

“10 


L a n 


L a 

“l2 


La 13 


L a I4 


L a 15 


La 16 


L a I7 


L 

“l8 


L 

“l9 


L 

“20 


L 

“21 


L 

“22 


L 

“23 


L 

“24 


L 

“25 


L 

“26 


L 

“27 
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be a super column vector (matrix); with entries from L R ( L a e 

L R ; 1 < i < 27 ) . 

The transpose of X denoted by 



1 


L a 2 


L a 3 _ 


L a 4 


L a 5 


L a 6 


L a 7 


L a s 


L a 9 


L 

“10 


L ail 


L 

“12 


L 

“13 


L a I4 


L a 15 


L a,e 


L 

“17 


L 

“18 


L 

“19 


L 

“20 


L 

“21 


L 

“22 


L 

“23 


L 

“24 


1 

r 


L 

“26 


L 

“27 _ 



_ L ai 


La 4 


La, 


L 

“10 


L 

“13 


La I6 


L 

“l9 


L 

“22 


L " 

“25 


L a 2 


L a 5 


L a 8 


L a u 


L a I4 


L 

“17 


L 

“20 


L 

“23 


L 

“26 


L a 3 


L a 6 


L a, 


L 

“12 


L a 15 


L 

“18 


L 

“21 


L 

“24 


L 

“27 _ 



is a super row vector (matrix) of refined labels with entries from 

Lr. 

Let 



1 


La, 


L 

“l3 


L 

a 19 


L 

“25 


L a 3I 


1 


L a 2 


L a s 


L a 14 


L 

“20 


L 

“26 


L 

“32 


L 

“38 


L a 3 


La, 


L a 15 


L 

“21 


L 

“27 


L 

“33 


L 

“39 


L a 4 


L 

“10 


L a 16 


L 

“22 


L 

“28 


L 

“34 


L 

“40 


L a 5 


L a„ 


L a„ 


L 

“23 


L 

“29 


L a 35 


L a 41 


1 


L 

“12 


L 

“18 


L 

“24 


L 

“30 


L a 36 


L 

“42 _ 



be a super row vector (matrix) of refined labels with entries 
from L r . 
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is the transpose of M which is a super column vector (matrix) of 
refined labels with entries from L R . 

Now we find the transpose of super matrix of refined labels 
which are not super row vectors or super column vectors. 

Let 




where L a e L R ; 1 < i < 25 be a super matrix of refined labels. 




is the transpose of P and is again a super matrix of refined 
labels. 

Now we will show how product is defined in case of super 
matrix of refined labels. We just make a mention that if in the 
super matrix the refined labels are replaced by ordinary labels 
still the concept of transpose of super matrices remain the same 
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however there will be difference in the notion of product which 
will be discussed in the following: 

Suppose A = [L ai L aj | L a3 L a4 L as ] be a super 
matrix (row vector) of refined labels then we find 

L 



A* = 

I 

L a 
L a 

which is a super column vector of refined labels. 
We find 

L a 
L 



AA‘ = [L 



a l a 2 | a 3 a 4 



= L L 

a 1 a 2 



L a 

L 



L a 



= L .L +L .L 1 + l~L .L + L .L +L .L 

a 1 a 1 a 2 a 2 a 3 a 3 a 4 a 4 a 5 a 



^af /(m+1) "^^a^/fm+l) 



af /(m+l)+a 2 /(m+1) 



+ 



^“^/(m+l) ^“^/(m+l) ^af /(m+1) 



a 3 /(m+lJ+a^m+O+ag /(m+1) 
a\+a\+a\ /(m+1) 



Clearly AA* e L R but it is not a super row vector matrix. 
Now we see if we want to multiply a super row vector A with a 
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super column vector B of refined labels then we need the 
following. 

(i) If A is of natural order 1 x n then B must be of 
natural order n x 1 . 

(ii) If A is partitioned between the columns a ; and 
a i+ i then B must be partitioned between the 
rows bj and b,+i of B this must be carried out for 
every 1 < i < n. 
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Ai 2 



+ [4 3 4 4 4 



L a 6 X L b 



- L ai L bl + L a2 .L b2 ^ + L a3 .L bs + L a4 .L b4 + L ag .L bg .L b 



^L ai bj /( m +i) L a2 b 2 /( m +i) J [l. 

+ L 



a 3 t) 3 /(m+l) L a4 b 4 /(m+1) L a5 b 5 /(m+1) 



- [ L a lbl 
_ [^(aibj 



a 6 b 6 /(m+l) 
+a 2 t >2 /(m+1) 






3b3 +a 4b4 +a 5b5 )/(m+l) 



+ L 



a 6 b 6 /(m+1) 



+a 2 b 2 +a 3 b 3 +a 4 b 4 +a 3b5 +ag b g )/(m+l) 



is in L r . 



Suppose 



and 








be super column vector and super row vector respectively of 
refined labels. BA is not defined though both A and B are of 
natural order 9x1 and 1x9 respectively as they have not the 
same type of partitions for we see A is partitioned between row 
three and four but B is partitioned between one and two 
columns and so on. 
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Let us consider 




be super row vector and super column vector respectively of 



refined labels. We see 
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be a super column vector and super row vector respectively of 
refined labels. We see the product AB is defined even though 
they are of very different natural order and distinct in partition. 



Consider 
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^“'a 1 Ci /m +1 


ai C 2 / m +1 


^“'a 1 c 3 / m +1 


^"'a 1 c 4 /m+l 


^aiC 5 / m +1 


^“'a 1 c 6 /m+l 


^“^Cj /m +1 


^"■'a 2 C 2 /m +1 


■^" / a 2 C 3 / m +1 


■^a 2 c 4 /m +1 


^"■ / a 2 C 5 /m +1 


■^ / a 2 c 6 /m+l 


^“^Cj /m +1 


^a 3 C 2 / m +1 


^"''a 3 c 3 /m +1 


■^ - 'a 3 c 4 /m+l 


■^ / a 3 c 5 / m +1 


■^a 3 c 6 /m +1 


^~'a 4 c l /m +1 


^""'a 4 c 2 /m+l 


^"'a 4 c 3 /m+l 


^a 4 c 4 /m+l 


■^a 4 c 5 / m +1 


•^a 4 c 6 /m+l 


^a 5 Cj /m +1 


^~''a 5 c 2 /m +1 


^“'a 5 c 3 /m +1 


■^“'a 5 c 4 /m+l 


^“ / a 5 c 5 / m +1 


^“'a 5 c 6 / m +1 


^a 6 Cj / m +1 


^"'a 6 c 2 /m+l 


■^a 6 c 3 /m+l 


^a 6 c 4 /m+l 


■^a 6 c 5 /m +1 


^a 6 c 6 /m+l 


a 7 Ci / m +1 


a 7 C 2 / m +1 


a 7 C 3 / m +1 


a 7 c 4 / m +1 


a 7 C 5 / m +1 


^"' / a 7 c 6 /m+l 


•^a 8 Cj / m +1 


^a 8 c 2 /m +1 


^a 8 c 3 / m +1 


■^“'a 8 c 4 /m+l 


^a 8 c 5 / m +1 


c 6 /m +1 
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is a super matrix of refined labels. We can multiply any super 
column vector with any other super row vector and the product 
is defined and the resultant is a super matrix of refined labels. 

Let 




be a super column vector of refined labels. 

C' = (l I L a LI L L L I L a L ) be the 

V d l I d 2 d 3 I d 4 d 5 d 6 | d 7 d 8 / 

transpose of C. Clearly C 1 is a super row vector of refined 
labels. 

We now find 
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"l 2 

af/mt-1 


^“^aj/ntfl ^ - & 1 a 3 /mfl 


■^ 1 a 4 /mfl ^“^aj/mbl ^jag/mt-l 


■^itjaj/mfl ^hjag/nw-1 




^^ag/rrH-l 


^“&2a 4 /mfl ^“^ag/mfl 


^“^ay/mfl -^^ag/mbl 




a 3 a 2 /rm-l a 3 a 3 /mtT 


a 3 a 4 /mfl a 3 a^ / mr 1 a 3 a^ / rrbT 


a 3 a 7 /mfl a 3 3g/rrHT 


a 4 aj / nw-1 


^ - 'a 5 a 2 /mfl ^'a 4 a 3 /n>fl 


^ _/ a 4 a 4 /mfl ^“^%/im-l ^'a 4 a 6 /rrtfl 


^3 7 /ithT a 4 a 8 /mbl 


^“hgaj/mfl 


^ - & 5 a 3 /mfl 


^hgag/mfl 


^^ag/rrH-l 


^“^aj/nw-1 




^“^ag/mfl ^"'a 6 a 6 /mfl 


^“^ag/mbl 


•^“^aj/nw-l 


■^^aj/mfl ^h 7 a 3 /rrtfl 


^“k 7 a 4 /iTH-l ^^ag/rrH-l ^"^ag/rm-l 


^yag/mbl 


^gaj/mfl 


^gaj/mfl ^ - & 8 a 3 /mfl 


^^ag/mfl ^gag/mfl 


^gag/mfl 



is a super matrix of refined labels, we see the super matrix is a 
symmetric matrix of refined labels. Thus we get by multiplying 
the column super vector with its transpose the symmetric matrix 
of refined labels. 

We will illustrate by some more examples. 

Let 




be a super column vector of refined labels. P‘ = 
[L ai L aj | L aj L a4 L as | L a( _ J be the transpose of P. 
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L L 

a, a t 


L L 

a l a 2 


L L 

a l a 3 


L L 

a, a 4 


L L 

a i a 5 


L L 

a l a 6 


L L 

a 2 a l 


L L 

a 2 32 


L L 

a 2 a 3 


L L 

a 2 a 4 


L L 

a 2 a 5 


L L 

a 2 a 6 


L L 

a 3 a l 


^ a 3^ a 2 


L L 

a 3 a 3 


L L 

a 3 a 4 


L L 

a 3 a 5 


L L 

a 3 a 6 


L L 

a 4 a l 


^ a 4^ a 2 


L L 

a 4 a 3 


L L 

a 4 a 4 


L L 

a 4 a 5 


L L 

a 4 a 6 


L L 

a 5 a l 


L L 

a 5 a 2 


L L 

a 5 a 3 


L L 

a 5 a 4 


L L 

a 5 a 5 


L L 

a 5 a 6 


L L 

a 6 a l 


L L 

a 6 a 2 


L L 

a 6 a 3 


L L 

a 6 a 4 


L L 

a 6 a 5 


L L 

a 6 a 6 



L 2 

aj / m+1 


'^aj a 2 /m+1 


^“ , a 1 a 3 /m+l 


^aj a 4 / m+1 


^“'a 1 a 5 / m+1 


^“'a 1 a 6 / m+1 


"^ / a 2 aj 


/m+1 


L 2 

a 2 /m+1 


■^a 2 a 3 /m+l 


■^“'a 2 a 4 /m+1 


■^a 2 a 5 / m+1 


■^ _/ a 2 a 6 /m+1 


"^a 3 a 1 


/m+1 


■^'a 3 a 2 /m+l 


L 2 

a| / m+1 


^a 3 a 4 / m+1 


■^a 3 a 5 /m+1 


■^a 3 a 6 /m+l 


^ , a 4 a 1 


/m+1 


^a 4 a 2 /m+1 


^"'a 4 a 3 /m+l 


L 2 

a 4 /m+1 


•^a 4 a 5 /m+l 


^a 4 a 6 /m+1 


^ a 5 a t 


/m+1 


^“'a 5 a 2 /m+l 


^“'a 5 a 3 /m+1 


^a 5 a 4 /m+l 


L 2 

a| /m+1 


^"'a 5 a 6 /m+l 


L a 

a 6 a ! 


/m+1 


•^a 6 a 2 /m+1 


^a 6 a 3 /m+1 


•^a 6 a 4 /m+1 


•^a 6 a 5 / m+1 


L 2 

a^ /m+1 



a symmetric super matrix of refined labels. 
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Let 




be a super matrix of row vectors of refined labels. 




be the transpose the super row vectors. A of refined labels. 
To find 
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LL+LL LL+LL LL+LL 

3i 32 a 2 3j 3 3 32 3 4 3j 3 3 32 3^ 

L a 3 L ai + La 4 L a2 L aj L % +L a 4 L a4 L a 3 L a 5 +L a 4 L as 

LL+LL LL+LL LL+LL 

a 5 a l a 6 a 2 a 5 a 3 a 6 a 4 a 5 a 5 a 6 a 6 



L a L L L 

a 7 d 7 d 7 

L a L 

3g 

L„ L 



L, L, 



L L L L 

3g 3g 3g 3 9 



L„ L n L n L„ 



^ 10^13 +La ll La 14 ""^"^ 12^15 ^ a 10^ a 16 ^ a 17 ""^”^ 2 ^ a 18 

^ a i 3 ^ a io + ^ a i 4 ^ a n "^"^ 15 ^ a i 2 ^ a i 3 ^ a i 3 - ^^' 3 14 ^ 3 14 ^ _ a 13 '^a 16 ~^^ii 14 ^ii 17 ~"^^ 3 15 ^ 1 i 18 

1 ^ 4 + 1 ^ 1 ^ +L, 1 ^ L, +L, 1 ^ +4 1 ^ 1 ^ 1 ^ +L, 1 ^ +4 

“16 d in “17 “11 “18 “17 “16 “13 “17 “14 “18 “13 “16 “16 “17 “17 “18 “18 



a^/m+1 a 2 /m+l 
^3 3 3 1 /m+l ^3 4 3 2 /m+1 



^'3 1 3 3 /m+l ^a 2 3 4 / m+1 ■^ / a 1 a 5 /m+l a 6 /m+1 



^a^/m+l ^”^a 4 /m+l 



^Sgaj/m+l ^“'a 6 a 2 /m+1 ^“'a 5 a 3 /m+l _ ^^'3 6 a 4 /m+l 



■^" / a 3 a 5 /m+l ^“'a 4 a 6 /m+1 

aj/m+l a^/m+l 



+ 



L , 


L 


L 


a 7 /m+l 


a 7 a 8 / m+1 


a 7 a 9 / m+1 


“'ag a 7 / m+1 


L 2 

a 8 /m+1 


■^ / a 8 a 9 /m+l 




L 


L , 


“'a 9 a 7 / m+1 


a 9 a 8 / m+1 


a 9 /m+1 



^“a^/m+l "^“a^/m+l ""^^“aj^/m+L 



^ <ijo 3 j 3 / m+1 ^ 3j j / m+ 1 ^ d i2 d i5 / n++l ^ Ii^q a 3 ^ / m+ 1 ^ d n3j 7 / nr+1 ^ li^aig/m+l 

^ajo/uH-l ^ii 14 a u /mfl ^"^isa^/nH-l ^"a^/mt-1 ""^"^"aj^/m+l ""^^""aj^/m+l ^“^^g/mfl - ^ _ ^ - ki 4 ai 7 /mtl "^^^ajg/rm-l | 

14 /m +1 ' ^""aj^ /m+1 ' ^""a^/m+l 



■^ 16 a 10 /m+l "^^"S^an/m+l ^"^jg^/m+l ^^a^/m+l "^^pa^/m+l ""^-^ga^/m+l • •- ~^“' 2 , , +L 2 



L 



a ? +a 2 +a 7 +a io +a n +a^ 2 /m+1 



L 

L 



a 3 3i +a 4 32 +3g3 7 +3 i 3 3io +3i 4 3h "+ a l5 a 12 ^ 
a 5 aj +a 6 a 2 +a 9 a 7 +a 16 a 10 +a 17 aj t +a!ga 12 / m+1 



L 



L 



a l a 3 + a 2 a 4 1 a 7 a g + a l0 a 13 a l i a i4 + a j2 a i5 / 31+ 1 

a 3 +a 4 +3g +a^ 3 +a^ 4 +a^g / m+1 

a 5 a 3 + 3g a 4 + 3 9 3g +3ig3i3 +317814 +3^3^ / m+ 1 
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L 

L 



&1 clj +&2 a 6 +^7^9 “l” 3^10^16 +&U&17 "b&i2 a 18 ^ mTl 
&3 "*”^ 13^16 "*"^ 14^17 "*”^ 15^18 ^ 1 



85 +8^ +3^ +8jg +8 j 7 +^i8 ! ni+1 



We see AA 1 is a ordinary matrix of refined labels. Clearly AA‘ 
is a symmetric matrix of refined labels. Thus using a product of 
super row vectors with its transpose we can get a symmetric 
matrix of refined labels. 

Consider 



hi* 

1 


1 


L *3 


K 


L , 


K 


L a, 


K 


L a» 


L 

a 10 


h-f 

1 


L 

a 12 



a super column vector of refined labels. 
Clearly 





is the transpose of H which is a super row vector of refined 
labels. 

Now we find 
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L L L 

a, a 3 a 5 



L L 

a l a 2 

L a L 

a 3 a 4 

L„ L 



+ 



rL 


L 


rL 


L 




rL 


a 7 


a. 


a. 


a S 


+ 


an 


L 


L 


L 


L 


L 


L a 8 


a 10 _ 


a 9 


a 10 _ 




a 12 _ 



L L 

a ll d 12 _ 



L L +L L +L L L L +L L +L L 

a, aj a 3 a 3 a 5 a 5 a, a 2 a 3 a 4 a 5 a 6 

L L +L L +L L L L +LL + L L 

a 2 a l a 4 a 3 a 6 a 5 a 2 a 2 a 4 a 4 a 6 a 6 



+ 



L L +L L LL a +LL 



L L +L L L L +L L 

a 8 a 7 a 10 a 9 a 8 a 8 a 10 a 10 



+ L a 

a 4 

L 



+ 





rL 


L L L 


+ 


a n 


a u a u i 




L 


L L L 




a 12 


a ll a 12 1 


T 




L , -t 


a 3 / m+1 


a i a 2 / m+1 


L 


5 / m+1 


L , 


a 6 a 


a 2 /m+l 


L 2 

a 9 /m+1 


a 7 a 8 / m+1 


L 


/m+1 


I , , + 


a 10 a 9 


a 8 /m+1 


L a 2 

a il 


/m+1 


^ a ll a 12 ! m+ ^ 


\ 




L 2 


a 12 a n /m+1 


af 2 /m+l 



+ L 



+ L 2 + L 2 

a 4 /m+l ai/m+1 



af+a,+af +a 7 +ao+a,, /m+1 



~ / a 2 a 1 +a 4 a 3 +a 6 a 5 +a 8 a 7 +a 10 a 9 +a 12 a 11 / m+1 



a t a 2 +a 3 a 4 +a 5 a 6 +a 7 a 8 +a 9 a 10 +a 1 t a 12 / m+1 

L 



is a symmetric matrix of refined labels which is not a super 
matrix of refined labels. 

Thus in applications we can multiply two super matrices of 
refined labels and get a symmetric matrix of refined labels, 
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likewise we can multiply super matrices to get back super 
matrices. 

For consider 




two super matrices of refined labels. Now we find 



XY = 




1 1 

-f J 3 

J 3 J 3 
1 1 


J H-) 

1 1 






i i 

H-f J 
1 1 


L h L h " 

b 3 b 4 

L, L, 

L b 5 b 6 J 


( L .. Lj 


1 1 
X 

-1 1— 1 






( L .. L J 


r l h l, i 

b 3 b 4 

L h L, 

L b 5 b 6 J 


-f J" _f 

J J" J 

1 1 


rv 






L L 

a 7 a 8 

L L 

a, a 10 

L L 

d ll d 12 _ 


1 1 

X X 

-1 -1 

x? J? 

— 1 hJ 

1 1 
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kk 


+ L a 2 L b 2 


■^' a i‘^'b 3 ^”^“ , a 2 ^'b 5 


L ai L b 4 +L a 2 L b 6 


kk 


+ L L b 

a 4 d 2 


L L b +L L b 

a 3 d 3 a 4 d 5 


‘^a 3 ^'b 4 "^•^'a 4 ^'b 6 


kk 


+ L a 6 L b2 


L L b + L L b 

a 5 d 3 a 6 d 5 


L L b +L L b 

a 5 d 4 a 6 d 6 


L a 7 L bj 


+ L a.k 


^“'a 7 ^“'b 3 ^ - ^'a 8 ^ / b 5 


^“'a 7 ^“'b 4 ^“'a 8 ^“'b 6 


kk 


+ L a k 

a 10 d 2 


■^'a 9 ^'b 3 ^“'a 10 


^a 9 ^b 4 ^“'a 10 ^"'b 6 


kk, 


+ L L b 

a 12 d 2 


^ a u^b 3 


^ a n^“k ^“'a 12 ^“'b 6 



^aj bj +a 2 b 2 /m+1 


^“'a 1 b 3 +a 2 b 5 /m+1 


■^aj b 4 +a 2 b 6 / m+1 


■^a 3 bj +a 4 b 2 / m+1 


■^a 3 b 3 +a 4 b 5 /m+1 


■^a 3 b 4 +a 4 b 6 /m+l 


a 3 bj +3g b 2 / m+1 


a 5 k +ag bj / m+1 


^a 5 b 4 +a 6 bg / m+1 


■^ / a 7 b 1 +a 8 b 2 /m+1 


■^a 7 b 3 +a 8 b 5 /m+1 


^“'a 7 b 4 +a 8 b 6 /m+l 


■^a 9 bj +a 10 b 2 / m+1 


^“'a 9 b 3 +a 10 b 5 / m+1 


•^a 9 b 4 +a 10 b 6 /m+l 


a l 1 k “t” a i2 k ^ ni"bl 


a i l k +ai 2 bj / m+1 


^ajj b 4 +aj 2 b 6 / m+1 



a super matrix of refined labels. 
We find 




(k k) 


r l l i 

a l a 3 

L L 

L a 2 a 4 _J 




(k k) 


V 

k_ 




(k k) 


L L L 

a 7 a 9 

_ ^ a 8 ^ a 10 ^ a 12 _ 


k k~ 
k v 


r l l 

a l a 3 

L L 

a 2 a 4 _ 




Lb, k" 
k k_ 


V 

_k_ 




k k~ 
_k k_ 


^ a 7 "^ a 9 ^ a ll 

L L L 

a 8 a 10 a 12 _ 



86 




+ L b2 L a2 h b h^+L b h^ 


L bl L a 5 +L b, L a 6 


Lb,L ai +L bj L a2 L b! L aj + L b L a4 

L b L +L b L L b L +L b L 

b 4 a 7 d 6 a 2 d 4 a 3 d 6 a 4 

+ L b2 L as L bi L as +L b2 L aio 


L b 3 L a 5 +L b 5 L a 6 

L b L + L b L 

d 4 a 5 °6 a 6 

LbjL ail + ^b 2 L ai2 


^ , b 3 ^'a 7 "^^bs^ag ^"'b 3 ^“'a 9 ^■''b 5 ^“'a 10 

L b 4 L a 7 +L b 6 L a 8 L b 4 L a 9 + L b 6 L a 10 


■^b 3 ^b 5 ^“ # a 12 

L b 4 L a n ‘^'b 6 ^ / a 12 



^"'b 1 a 1 +b 2 a 2 / m+1 


^bj a 3 +b 2 a 4 / m+1 


■^bj a 5 +b 2 a 6 / m+1 


^“'b 3 a 1 +b 5 a 2 / m+1 


■^b 3 a 3 +b 5 a 4 / m+1 


^“'b 3 a 5 +b 5 a 6 / m+1 


b 4 a 7 +bg a 2 / m+1 


< b 4 a 3 +b 6 a 4 / m+1 


^b 4 a 3 +bg a^ / m+1 


^bj a 7 +b 2 a 8 / m+1 


^bj a 9 +b 2 a 10 / m+1 


^bj a n +b 2 a 12 / m+1 


■^b 3 a 7 +b 5 a 8 / m+1 


^“'b 3 a 9 +b 5 a 10 / m+1 


^“'b 3 a 11 +b 5 a 12 /m+l 


b 4 a 7 +bg a 8 / m+1 


^b 4 a 9 +bg a 10 / m+1 


^b 4 a 7 j +bg a 12 / m+1 



We see XY = Y' X' are super matrix of refined labels. 

Now we proceed onto define another type of product of 
super matrix of refined labels. 

Let 



L a, 


L a s 


L a 15 


L 

d 22 


L 

d 29 


La, 6 


L a 2 


La, 


L a 16 


L 

a 23 


L 

a 30 


L 

a 37 


L a 3 


L 

a 10 


L 

“17 


L 

d 24 


L a 31 


L 

d 38 


L a 4 


L a n 


L 

d 18 


L 

d 25 


L 

d 32 


L 

d 39 


L a 5 


L 

a 12 


L 

a 19 


L 

a 26 


L a„ 


L 

a 40 


L a fi 


L 

d 13 


L 

d 20 


L 

d 27 


La M 


L a 41 


L a 7 


L a 14 


L 

d 21 


L 

d 28 


La„ 


L 

d 42 



be a super matrix of refined labels. 
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L L 


+L L 


L L 


+L L 


L L 


+ L L 


L L 


+L L 


a 8 a 8 


a 15 a 15 


a 8 ^9 


a 15 a 16 


^ a 10 


a 15 a 17 


h a n 


a 15 a 18 


L L 


+L L 


L L 


+L L n 


L L 


+ L L 


L L 


+L L 


a 9 a 8 


a 16 a 15 


^9 39 


a 16 a 16 


a 9 a 10 


a 16 a 17 


39 a u 


a 16 a 18 


L L 


+ L L 


L L 


+ L L 


L L 


+ L L 


L L 


+ L L 


a 10 a 8 


a 17 a 15 


a io 29 


% a 16 


a 10 a 10 


a,7 a 17 


a 10 a ll 


a 17 a 18 


L L 


+L L 


L L 


+L L 


L L 


+ L L 


L L 


+L L 


% % 


a 18 a 15 


a ll % 


a 18 a 16 


a ll a 10 


a 18 a 17 


a n a n 


a 18 a 18 


L L 


+ L L 


L L 


+L L 


L L 


+ L L 


L L 


+ L L 


a 12 a 8 


a 19 a 15 


a 12 ^ 


a 19 a 16 


a 12 a 10 


a 19 a 17 


a 12 a ll 


a 19 a 18 


u u 


+ L a L 


L L a 


+ L a L a 


L a L 


+L a U 


L a L a 


+L a L 


a 13 H 


a 20 a 15 


a 13 a 9 


a 20 a 16 


a 13 a 10 


a 20 a 17 


a 13 a ll 


a 20 a 18 


L L 


+ L L 


L L 


+ L L 


L L 


+ L L 


L L 


+L L 


a 14 ^ 


a 21 a 15 


a 14 % 


a 21 a 16 


3 14 3 10 


a 21 a 17 


a 14 a ll 


a 21 a 18 



L L 


+ L L 


L L 


+ L L 


L L 


+ L L 


a 9 a 12 


a 16 a 19 


a 8 a 13 


a 15 a 20 


a 8 a 14 


a 15 a 21 


L a L , 


+L a L a 


L, L a 


+ L, L, 


L a L, 


+ L a L, 


a 9 a 12 


a 16 a 19 


a 9 a 13 


a 16 a 20 


a 9 a 14 


a 16 a 21 


L L 


+ L L 


L L 


+ L L 


L L 


+ L L 


a 10 a 12 


a 17 a 19 


a 10 a 13 


a 17 a 20 


a 10 a 14 


a 17 ^1 


L L 


+ L L 


L L 


+ L L 


L L 


+ L L 


a ll a 12 


a 18 a 19 


a ll a 13 


a 18 a 20 


a ll a 14 


a 18 a 21 


L L 


+ L„ L a 


L L 


+ L L 


L L 


+ L L 


a 12 a 12 


a 19 a 19 


a 12 a 13 


a 19 a 20 


a 12 a 14 


a 19 a 2 i 


L L 


+ L L 


L L 


+ L L 


L L 


+ L L 


a 13 a 12 


a 20 a 19 


a 13 a 13 


a 20 a 20 


a 13 a 14 


a 20 a 21 


L L 


+ L L 


L L 


+ L L 


L L 


+ L L 


a 14 a 12 


a 21 a 19 


a 14 a 13 


a 21 a 20 


a 14 a 14 


a 21 ^1 



L L 


+L 


L 


+L L 


L L 


+L 


L 


+L L 


L L 


+L L 


+L L 


322 a 22 


a 29 


a 29 


a 36 a 36 


a22 323 


a 29 


a 30 


a 36 a 37 


a22 324 


a 29 a 31 


a 36 3 38 


^23^^22 


+L 

d 3C 


^29 ^”^37^36 


"^23"^23 


+L 

d 3C 


u +h h 

1 d 30 d 37 d 37 


^23^25 "*"^30^31 ""^^37^38 


L L 


+L 


L 


+L L 


L L 


+L 


L 


+L L 


L L 


+L L 


+L L 


^24 a 22 


a 31 


*29 


a 38 a 36 


a 24 *23 


a 31 


a 30 


a 38 a 37 


% ^4 


a 31 % 


% a 38 


L L 


+L 


L 


+L L 


L L 


+L 


L 


+L L 


L L 


+L L 


+L L 


a 25 a 22 


a 32 


a 29 


a 39 a 36 


a 25 a 23 


a 32 


a 30 


a 39 a 37 


325 3 2 4 


a 32 3 31 


a 39 a 38 


^26^22 


+L 

a 33 


^29 


"^"^40^36 


^26^23 


+L 

a 33 


^30 


+L 4 

d 40 d 37 




+L L 

d 33 d 31 


"^•^'a 40 ^k 38 


L L 


+L 


L 


+L L 


L L 


+L 


L 


+L L 


L L 


+L L 


+L L 


% ^ 


a 34 


% 


a 41 a 36 


*n ^ 


a 34 


a 30 


a 41 a 37 


“27 ^4 


a 34 a 31 


a 41 a 38 


L L 


+L 


L 


+L L 


L L 


+L 


L 


+L L 


L L 


+L L 


+L L 


a 28 a 22 


a 35 


a 29 


a 42 a 36 


a 28 a 23 


a 35 


a 30 


a 42 a 37 


a 28 a 24 


a 35 a 31 


a 42 a 38 
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“22 «25 “29^32 “36 “39 

^ 23^25 "^^ 30^32 ”^“^ 7^39 



^ 22^25 "^”^ 29^33 "™“^36 **40 
^ 23^26 "^ 30^33 "^“& 37^40 



^22^27 "^"^29 ^34 "^"^36 “41 

L L +L L +L L 

a 23 “27 a 30 a 34 a 37 % 



^ 24^25 “31 “32 ~™^*38 “39 

L L +L L +L L 

a 25 a 25 a 32 a 32 a 39 a 39 

^26^25 "^”^33^32 TP 

^ 27^25 ""^^ 34^32 ""^"^ 41^39 



^24^26 ”^^ d 31 ^ a 33 "^^38^40 
^25^» "^”^2^33 
^ 26^26 "^“^ 33^33 
“27^26 “34 “33 



^ d 24^ d 27 “3i “34 "^” “38 “41 

^25^27 ^32^34 "^"^39 ^41 

^ d 2>^27 "^“^33 ^34 "^^40^41 
^27^27 ""^"^34^34 ^”"^41^41 



^28^25 "^" T6 Tt2 "™^>e TP ^28^26 T6^33 "^^42^40 ^28^27 T5^34 "^^C^41 



L L 


+ L 


L 


+ L L 


a 22 a 28 


a 29 


a 35 


a 36 a 42 


L L 


+ L 


L 


+ L L 


a 23 a 28 


a 30 


a 35 


a 37 a 42 


L L a 


+ L 


L a 


+ L„ L 


d 24 d 28 


a 31 


a 35 


a 38 a 42 


L L 


+ L 


L 


+ L L 


a 25 a 28 


a 32 


a 35 


a 39 a 42 


L L 


+ L 


L 


+ L L 


a 26 a 28 


a 33 


a 35 


a 40 a 42 


L L 


+ L 


L a 


+ L L 


“27 “28 


a 34 


a 35 


a 41 a 42 


L L 


+ L 


L„ 


+ L_ L 


“28 “28 


a 35 


a 35 


a 42 a 42 



L 2 

a f / m+1 


■®“'a 1 a 2 /m+l 


^aj a 3 /m+l 


^aj a 4 / m+1 


■^'a 1 a 5 /m+l 


^aj a 6 /m+l 


^aj a 7 /m+l 


La a 
a 2 a l 


/m+1 


L 2 

a 2 /m+l 


^ 'a 2 a 3 / m+1 


^ -< a 2 a 4 /m+l 


^ J a 2 a 5 / m+1 


'a 2 a 6 / m+1 


^ 'a 2 a 7 / m+1 


L 

a 3 a l 


/m+1 


^a 3 a 2 / m+1 


L 2 

a 3 /m+1 


^a 3 a 4 /m+l 


■^a 3 a 5 / m+1 


•^a 3 a 6 / m+1 


^ - 'a 3 a 7 /m+l 


^ -/& 4 a l 


/m+1 


a 4 a 2 / m+1 


^a 4 a 3 /m+l 


l 2 

a 4 / m+1 


^a 4 a 5 / m+1 


^a 4 a 6 /m+l 


^a 4 a 7 / m+1 


L aa 
a 5 a. 


/m+1 


a 5 a 2 ^ 171+1 


^a 5 a 3 / m+1 


^'a 5 a 4 /m+l 


l 2 

a^ / m+1 


La 5 a 6 / m+1 


^a 5 a 7 /m+l 


La 6 a[ 


/m+1 


^ 'a 6 a 2 / m+1 


^ag 83 / m+1 


^a 6 a 4 /m+l 


^a 6 a 5 /m+1 


l 2 

a^/m+1 


^“'a 6 a 7 /m+l 


L a 

a 7 a l 


/m+1 


^a 7 a 2 / m+1 


^a 7 a 3 /m+l 


•^a 7 a 4 /m+l 


•^a 7 a 5 / m+1 


^“'a 7 a 6 / m+1 


L 2 

a 7 / m+1 
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a f + a ?5 / m+1 a 8 a 9 "*" a i5 a i6 ^ rn+l 



a 9 a 8 +a 16 a 15 /m+1 



a g a 10 +a 15 a yj / m+1 a 8 a 4 | +a^ a 48 / m+1 

a 9 a 10 +a 16 a 17 / m+1 a 9 a, , +a ]fi a, 8 / m+1 



“9 “11 " r “l6 “18 ' 



a 10 a 8 + ajg / m+ 1 ^10 a 9 a i7 a i6 ^ rn+ 1 

a n a 8 +a 18 a 15 / m+1 ^“'a 11 a 9+ a is a i6 / m +l 

a^ a 8 +a 19 a^ / m+1 a i2 a 9 ~^”^19 a i6 ^ m+1 

a i3 a 8 +&20 a i5 / m+1 ajj a 9 +a 2 Q a i6 / m+1 



a fo ”*” a 17 / m +l a io a n - *" a i7 a i8 / m +l 

■^"' a n a io+ a i8 a i7/ m +l a?, +a ? 8 /m+l 



+a, 9 a 17 /m+l 



l 12 “10 " r “l9 “17 



+a 19 a,o /m+1 



a 12 “11 " r “19 “18 



a 13 a 10 +a 20 a 17 / m +l a 13 a ll _ *" a 20 a 18 / m +l 



^a 14 a 8 +a 2] a 15 / m+1 ^ a i4 a 9 + a 2i a i6 / m +l 



^^ a 14 a io+ a 21 a 17 /m+1 '^ a i 4 a n+ a 2l a i8 /m+1 



■^“ / a 8 a 12 +a 15 a 19 / m+1 a i3 +a i5 a 20 / m +l 

'^ag a i2 + a i6 a 19 / m+1 ^9 a i3 + a jg a 20 / m+1 



a io a i2+ a i7 a i9 / m+ 1 a io a j3 + a 17 ajo / m+1 



a l 1 a 12 +a 18 a 19 / m+1 



“' a ll a 13+ a 18 a 20 /m+1 



^af 2 +af 9 / m+1 ^a 12 a 13 +a 19 a^ / m+1 



a i3 a 12 + a 2 Q a | 9 / m+1 



a 13 + a 20 



a 14 a i2"^ -a 21 a 19 / m+ 1 a j4 a |3 +& 2 | a 20 / m+1 



" _ 'a 9 a 14 +a 16 a 2 i / m+1 



'a 10 a 14 +a 17 a 21 /m+l 



"'a 11 a 14 +a 18 a 21 / m+1 



"' a i2 a 14 +a 19 a 21 / m+1 



“13 “14 " r “20 “21 ' 



a 14 +a 21 / 



+ 



-<a 23 a 22 +a 30 a 29 + a 37 a 36 / m +l 



a 22 a 23 +a 29 a 30 +a 36 a 37 / m +l 



a 23 +a 30 +a 37/ m+1 



a 22 a 24 +a 29 a 31 +a 36 a 38 / m+ l 



"^ a 23 a 25 + a 30 a 31 + a 37 a 38 / m +l 



^ -/a 24 a 22 +a 31 a 29 +a 38 a 36/ m+ l 



24 a 23 +a 31 a 30 +a 38 a 37 / m +l 



"^ a 25 a 22 +a 32 a 29 +a 39 a 36 / m+1 ^a 25 a 23 +a 32 a 30 +a 39 a 37 / m+1 



a 26 a 22 +a 33 a 29 +a 40 a 36 / m +l 



^ a 27 a 22 +a 34 a 29 +a 41 a 36 / m+ l ^“27 “23 " r “34 “30 _ril 41 “37 



a 26 a 23 +a 33 a 30 +a 40 a 37 / m +l 

+ a 3 4 a3A+a4, a,, /m+1 



4 + a 3i + a 3Q / m+1 



-/& 25 a 24 + a 32 a 31 + a 39 a 38 / m +l 



a 26 a 24 +a 33 a 31 +a 40 a 38 / m +l 



a 27 a 24+ a 34 a 3i+ a 4i a 38 /m+1 



^~ /a 28 a 22 +a 35 a 29 +a 42 a 36 / m +l 



28 a 23 +a 35 a 30 +a 42 a 37 / m +l 



a 28 a 24 +a 35 a 31 +a 42 a 38 / m +l 
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a 22 a 25 +a 29 a 32 +a 36 a 39 ^ m+ ^ a 22 a 26 +a 29 a 33 +a 36 a 40 ^ m+ l a 22 a 27 +a 29 a 34 +a 36 a 41 ^ m+ l 

^ a 23 a 25 + a 30 a 32 +a 37 a 39 t m +l ^~ >a 23 a 26 + a 30 a 33 + a 37 a 40 / m +l ^ a 23 a 27 + a 30 a 34 + a 37 a 41 / m+l 



"* a 24 a 25 +a 31 a 32 +a 38 a 39 ^ m+ l 

L 



a 24 a 26 +a 31 a 33 +a 38 a 40 / m +l 



a 25 a 26 +a 32 a 33 +a 39 a 40 ^ m+ l 



a 24 a 27 +a 31 a 34 +a 38 a 41 ^ m+ l 



a 25 a 27 +a 32 a 34 +a 39 a 41 ^ m+ l 



a 26 a 25 +a 33 a 32 +a 40 a 39 / m +l 



a 26 a 27 +a 33 a 34 +a 40 a 41 



"^ a 27 a 25 + a 34 a 32 + a 41 a 39 / m +l ^ a 27 ^ a 26 + a 34 a 33 +a 41 a 40 ! m +l 



7 +a 34 +a 4l / m+l 



a 28 a 25 +a 35 a 32 +a 42 a 39 / m +l 



a 28 a 26 +a 35 a 33 +a 42 a 40 ^ m+ l 



a 28 a 27 +a 35 a 34 +a 42 a 41 / m +l 



a 22 a 28 +a 29 a 35 + a 36 a 42 / m +l 



a 23 a 28 +a 30 a 35 +a 37 a 42 / m +l 



^ a 24 a 28 + a 31 a 35 + a 38 a 42 / m +l 



a 25 a 28 +a 32 a 35 +a 39 a 42 ^ m+ l 



a 26 a 28 +a 33 a 35 +a 40 a 42 ^ m+ l 



^ a 27 a 28 + a 34 a 35 +a 41 a 42 ^ m +l 



a 2 a l + a 9 a 8 + a 16 a 15 + a 23 a 22 + a 30 a 29 +a 37 a 36 / m +l 



“' a i a 2 +a 8 a 9 +a 15 a 16 +& 22 a 23 +a2 9 a 30 +a 36 a 37 / m+l 



■^ / a 3 a 1 +a 10 a 8 +a 17 a 15 + a 24 a 22 + a 31 a 29 +a 38 a 36 / m+l ^a 3 a 2 +a 10 a 9 +a 17 a 16 +a 2A a - 23 +a 3 i a 30 +a 38 a 37 / m+l 

a 4 a i +a u a 8 +a 18 a 15 +a 25 a 22 +a 32 a 29 +a 39 a 36 / m+l a 4 a 2 +a n a 9 +ai 8 aj 6 +a 25 a 23 +a 32 a 30 +a 39 a 37 / m+ l 
^ a 5 a \ +a i2 a 8 +a i9 a i5 +a 26 a 22 +a 33 a 29 +a 40 a 36 / m+l ^a 5 a 2 +a 12 a 9 +a 19 a 16 +a 26 a 23 +a 33 a 30 ! m +l 
^ a 6 a l +a 13 a 8 +a 20 a 15 +a 27 a 22 +a 34 a 29 +a 41 a 36 ^ m+ l ^ a 6 a 2 +a 13 a 9 +a 20 a 16 +a 27 a 23 +a 34 a 30 +a 41 a 37 ^ m+ l 

^ a 7 a i + a i4 a 8 +a 21 a 15 +a 28 a 22 +a 35 a 29 +a 42 a 36 / m+l ^a 7 a 2 +a 14 a 9 + a 2 i a i 6 +a 2& a 23 +a 35 a 30 + a 42 a 37 1 m +l 
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^ / a 1 a 3 +a 8 a 10 +a 15 a 17 +a22a24+a29 a 31 +a 36 a 38 / m +l ■^ /a l a 4 +a 8 a ll +a 15 a 18 +a 22 a 25 +a 29 a 32 +a 36 a 39 
^a 2 a 3 +a 9 a 10 +a 16 a 17 +a 23 a24 +a 30 a 31 +a 37 a 38 / m+l ^a 2 a 4 + a 9 a i 1 + a i6 a i8 + a 23 a 25 + a 30 a 32 +a 37 a 39 ! m +l 



-i +a>n +a, 7 +a 74 +a 31 +a 38 / m+l 



a 4 a 3 +aiia 10 +a 18 a 17 +a 2 5a24+ a 32 a 3i a 39 a 38 ^ + 1 



a 5 a 3 +a 12 a 10 +a 19 a 17 +a 26 a 24 +a 33 a 31 +a 40 a 38 / m +l 



a 6 a 3 +a 13 a 10 +a 20 a 17 +a 27 a 24 +a 34 a 31 +a 41 a 38 ^ m+ l 



^ a 3 a 4 +a 10 aj j +a 17 a 18 + a 24 a 25 +a 3i a 32 +a 38 a 39 / m+ l 



a 4 +a^ +a^ 8 +a 7 5 +a 3 2+a 3 g / m+l 



- ' a 5 a 4 + a 12 a n + a i9 a i8 +a 26 a 25 +a 33 a 32 +a 40 a 39 ^ m+ l 



a 6 a 4 +a 13 a ll +a 20 a 18 + a 27 a 25 +a 34 a 32 +a 41 a 39 / m +l 



a 7 a 3 +a 14 a 10 + a 2i a i7 "f" a 28 a 24 + a 35 a 3i a 42 a 38 ^ ni+ 1 a^a 4 + a, 4 a, | + a 9 j a | ^ + a^g a 7^ + a^^ a^ + a 4 7a^Q / m+ 1 



d 7 d 4" t " d 14 d ll " l ’ d 21 d 18 " l ’ d 28 d 25 ‘ 1 ' d 35 d 32 " l " d 42 d 39 ' 



^' a l a 5+ a 8 a i2+ a l5 a 19+ a 22 a 26 +a 29 a 33+ a 36 a 40^ rn +l ‘^ / a 1 a6 + a 8 ai 3 +ai5a20+a22a27+ a 29 a 34 + a 36 a 41 /m+l 

^ a 2 a 5 + a 9 a 12 +a 16 a 19 +a 23 a 26 +a 30 a 33 +a 37 a 40 / m +l ^ a 2 a 6 +a 9 a 13 +a 16 a 20 +a 23 a 27 +a 30 a 34 +a 37 a 41 ^ m+ l 



a 3 a 5 +a 10 a 12 +a 17 a 19 +a 24 a 26 +a 31 a 33 +a 38 a 40 ^ m+ l 



a 3 a 6+ a io a i3+ a i7 a 20 +a 24 a 27' l ' a 31 a 34 + a 38 a 41 /m+l 



^a 4 a 5 +ana 1 2+a 18 a 1 9+a 2 5a26 +a 32 a 33 +a 39 a 40 / m+l ^agag +aua 13 +a ]8 a2o+a25a 27 +a 32 a 34 +a 39 a 41 / m+l 



a i +a f 7 +af 9 +ai 6 +a 33 +a 4n / m+l 



a 5 a 6 +a 12 a 13 +a 19 a 20 +a 26 a 27 +a 33 a 34 +a 40 a 41 ^ m+ l 



a 6 a 5 +a 13 a 12 +a 20 a 19 +a 27 a 26 +a 34 a 33 +a 41 a 40 / m +l 



a 7 a 5 + a 14 a 12 + a 21 a 19 "*” a 28 a 26 "*” a 35 a 33 "*’ a 42 a 40 / m +l 



a 7 a 6 +a 14 a 13 +a 21 a 20 + a 28 a 27 +a 35 a 34 + a 42 a 41 ^ m+ l 



a i a 7 +a 8 a 14 +a 15 a 2 i +a 2 2a28 + a 29 a 35 +a 36 a 42 / m+ l 



a 2 a 7 +a 9 a 14 +a 16 a 21 +a 23 a 28 + a 30 a 35 +a 37 a 42 ^ m+ l 



“'a 3 a 7 +a!Qa 14 +a 17 a 2 ] +a24a 2 8 +a3ia 35 +a 38 a 42 / m+l 



a 4 a 7 +aj ja 14 +a 18 a 21 +a 25 a 2 s +a 32 a 35 +a 39 a 42 / m+ l 



“' a 5 a 7 +a 12 a 14 +a 19 a 21 +a 2 6 a 28 +a 33 a 35 + a 40 a 42 I m+ l 



"' a 6 a 7+ a i3 a i4 + a 20 a 21 +a 27 a 28 +a 34 a 35 +a 41 a 42 ^ m+ l 



We see the product is again super matrix of refined labels 
but is clearly a symmetric super matrix of refined labels of 
natural order 7x7. Thus by this technique of product we can 
get symmetric super matrix of refined labels which may have 
applications in real world problems. 
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We see at times the product of two super matrices of refined 
labels may turn out to be just matrices or symmetric super 
matrices of refined labels depending on the matrices producted 
and the products defined [48]. 

Now we proceed onto define the notion of M - matrix of 
labels Z - matrices labels and the corresponding subdirect sums. 

LaA ={( L ,)J L , sL .} be a m x n refined label matrix 

we say A > 0 if each L a = — — — >0. (A > 0 if each L a = 

m + 1 

— — — > 0). Thus if A > B we see A - B > 0. Square matrices 
m + 1 

with refined labels which have non positive off - diagonal 
entries are called Z-ma trices of refined labels. 



We see -L a = L. a = — — . 

m + 1 




where a; > 0. 



is a Z-matrix of refined labels 



We call a Z-matrix of refined labels A to be a non singular 
M-matrix of refined labels if A' 1 > 0. 



We have following properties to be true for usual M- 
matrices which is analogously true in case of M-matrices of 
refined labels. 



(i) The diagonal of a non singular M-matrix of refined 
labels is positive. 

(ii) If B is a Z-matrix of refined labels and M is a non 
singular M-matrix and M < B then B is also a non 
singular M-matrix. 
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In particular any matrix obtained from a non singular M- 
matrix of refined labels by setting off-diagonal entries is zero is 
also a non singular M-matrix. 

Thus 




m + 1 



> 0 , 



L 



as 



> 0 and L = &9 > 0 

m + 1 9 m + 1 



L = 

22 m + 1 



— < 0, L a = — A- 

3 m + 1 



<0, L = 

24 m + 1 



L = 



a<s < 0, L = a? < 0 and 
m + 1 7 m + 1 



L = 



m + 1 



< 0 . 



A is a non singular M-matrix and the diagonal elements are 
positive. 

A matrix M is non singular M-matrix if and only if each 
principal submatrix of M is a non singular M-matrix. 

For instance take 



A = 






to be a non singular M-matrix then L a 





are non singular L a > 0 



=£ 0 e L r and 



that is — — — >0. 1 < i < 9 and L e L R . 
m + 1 
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Finally a Z-matrix A is non singular M-matrix if and only if 
there exists a positive vector L x > 0 such that AL X > 0. 

Thus all results enjoyed by simple M-matrices can be 
derived analogously for M-matrices of refined labels. 



Now we can realize these structures as super matrices of refined 
labels. 

Suppose 



and 



A = 



"L a 

— L 



-L -L 



B = 



-L„ 



% 

— L„ 



-La 



-L 



-L. -L, 

b 7 b 8 



— L b 

-La 



Lu — be L — L b 

D 1 a 5 a 6 d 2 

— L = L b and -L b = L 

a 9 d 5 d 4 a 8 



Two super matrices of refined labels then A © 2 B = C is not a 
M-matrix of refined labels. 



A 


1 

r 


1 

r 


0 


-L. 


L2b, 


L2b 2 


— L b 

b 3 


- L . 


- L 2b 4 


L2b 5 


— L b 

b 6 


0 


— L b 

b 7 


-L h 

b 8 


L h 

b 9 



We can find C' 1 . We see C is super matrix of refined labels 
and the sum is not a usual sum of super matrices. 

This method of addition of over lapping super matrices of 
refined labels may find itself useful in applications. All results 
studied can be easily defined for matrices of refined labels with 
simple appropriate operations. 
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We can also define the P-matrix of refined labels as in case 
of P-matrix. 

Further it is left as an exercise for the reader to prove that in 
general k-subdirect sum of two P-matrices of refined labels is 
not a P-matrix of refined labels in general. 

If 





_ L a 1 


L a 2 






L. 

b i 


0 


L. 

b 2 


A = 


L a 4 


L a 5 


0 


and B = 


0 


L h 

b 3 


L h 

b 4 




_ L a 6 


0 


L a,_ 




L h 

b 7 


L h 

b 6 


L h 

b 7 



be two P-matrices of refined labels then we have the 2-subdirect 
sum as 



L a, 


L a, 


L a 3 


0 


L a 4 


La 5 +b, 


0 


L h 2 


L a 6 


0 


a,+ b 3 


Lb . 


0 


L h 

b 5 


L h 

b 6 


Lb , 



is not a P-matrix of refined labels as det (C) < 0. 



Thus the concept of M-matrices, Z-matrices and P-matrices 
can also be realized as the super matrices of refined labels. Also 
the k-subdirect sum is also again a super matrix but addition is 
different. For in usual super matrices addition can be carried 
out for which the resultant after addition enjoy the same 
partition. Here we see the k-subdirect sum is defined only in 
those cases of different partition and however the k-subdirect 
sum of super matrices do not enjoy even the same natural order 
as that of the their components. Thus they do not form a group 
or a semigroup under k-subdirect addition. 
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Chapter Four 



Super Vector Spaces using Refined 
Labels 



In this chapter we for the first time introduce the notion of 
supervector space of refined labels using the super matrices of 
refined labels. By using the notion of supervector space of 
refined labels we obtain many vector spaces as against usual 
matrices of refined labels. We proceed onto illustrate the 
definitions and properties by examples so that the reader gets a 
complete grasp of the subject. 



Definition 4.1 :LetV = 




L a e L r ; 1 < i < n } be the collection of all super row vectors of 

same type of refined labels. V is an additive abelian group. V is 
a super row vector space of refined labels over R or L R (as L R = 
R). 



We will illustrate this situation by some examples. 
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Example 4.1: Let 

V = |(L I L L I L L L )|l eL;l<i<6] 

[V a l | a 2 a 3 I a 4 a 5 a 6 /| a i R ’ J 

be a super row vector space of refined labels over the field L R 
(or R). 

Example 4.2: Let 

V={(L a _ L a2 |L a jL a4 L a? L >6 )|L a e L r ;1 < i < 6} be a 
super row vector space of refined labels over the field L R (or R). 

Example 4.3: Let 

W={(L a _ L a2 L a L a< |L aj |L a J|L ai eL R ;l<i<6} bea 

super row vector space of refined labels over the field L R (or R). 

Example 4.4: Let 

V = {(L a _ L a2 | L a | L a< | L aj | L as )| L a _ e L R ;1 < i < b} be a 
super row vector space of refined labels over the field L R (or R). 

We see for a given row vector 
(L. L a L , L L , L , ) of refined labels we can get 

several super row vector space of refined labels over the field 
L r or R. Thus this is one of the main advantage of defining 
super row vectors of refined labels over L R or R. 



Example 4.5: Let 




L a e L r ;1 < i < 10 } be a collection of all super row vectors of 

refined labels. X is a group under addition and X is a super row 
vector space of refined labels over L R (or R). 



Now having seen examples of super row vector spaces of 
refined labels we now proceed onto define substructures in 
them. 
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Definition 4.2 : Let 




L a e L r ; 1 < / < n } be a super row vector space of refined labels 

over the field L R . Suppose W cr V; W a proper subset of V; if W 
is a super row vector space of refined labels over L R . then we 
define W to be super vector subspace of V over the field L R . 

Example 4.6: Let 

P ={(b bibib b LJLj|L, iS L,;l<i<7} 

be a super vector space of V over the field L R (or R). 

Consider 

S ={( L ai °| L ajO K, 0 | L a< )| L a _ e L R ;1 <i < 7 } cP 

is a super row vector subspace of refined labels of P over the 
field L r (or R). 

Take 

T={(0 LjO|L a2 0 L % |0)|L ai EL R ;l<i<3} cP, 

T is a super row vector subspace of refined labels of P. 

Example 4. 7: Let 

X={(L a _|L a2 L aj L a4 )|L a _ e L R ;l<i<4} 

be a super row vector space of refined labels over L R (or R). 
Consider 



X H 


[(b 


0 


0 0)| 


L a, 


eL R } 


cX, 


X 2 = j 


(“1 




0 0)| 




gL r} 


cX, 


X 3 = - 


!(° 


1 0 


b °) 


L a, 


£L r} 


■ cX 


x 4 = - 


!(° 


1 0 


0 b) 


L a, 


eL R j 


■ cX 



be four super row vector subspaces of refined labels of X over 
Lr. 
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We see X = (Jx, and X ; n Xj = (0 I 0 0 0) if i * j; 1 < i, j < 4. 

1=1 

However X has more than four super row vector subspaces 
of refined labels. 

For take Yj = {(L a _ | L ao 0 o)^ eL R ;l<i<2) c X is 

a super row vector subspace of refined labels. 

Consider Y 2 = {(L a[ | 0 0 L a j|L aj e L R ;1 <i < 2 } c X is 

a super row vector subspace of X of refined labels. 

Take Y 3 = |(0 | L a L aj 0)|L a e L R ;l<i < 2 } c X is 

again a super row vector subspace of X of refined labels over 

L r . 



DEFINITION 4.3: Let V be a super row vector space of refined 
labels over the field L R (or R). Suppose Wj, W 2 , W m are 
super row vector subspaces of refined labels of V over the field 

m 

L r (or R). IfV= [J W : and W, n Wj = (0) if ifi, 1 < i, j <m 

i = 1 

then we say V is a direct union or sum of super row vector 
subspaces of V. 

If W 1 , W m are super row vector subspaces of refined 

m 

labels of V over L R (or R) and V = [J VK but Wj n Wj # (0) if 

i= 1 

i^j, 1 < i, j <m then we say V is a pseudo direct sum of super 
vector subspaces of refined labels ofVoverL R (or R). 



Example 4.8\ Let 

v - {(L„ L._ | L 




L„;l<i<7} 



be a super row vector space of refined labels over L R (or R). 
Consider 



Wi={(L ai L a2 |0|0 0 0 | 0)| L a . e L R ;l<i< 2 J cV, 
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w 2 ={( 


L a, 


0 


L, 


! L a 3 


0 


0 L a< ) L,. e L R ;1 <i < 4-} cV, 


W 3 = { 


( L a, 


0 


1 0 1 


L a, 


L a 4 


0 0) L a _ e L R ;1 <i < 3 } cV, 


w 4 ={( 


fa, 


0 1 


L a 2 


1 0 


k 4 k 3 |L a5 )L a ,eL R ;l<i<5} c 
V and 


W 5 = j 


!(° 


L a, 


! L a 2 


1 0 


0 


0 L aj ) L a e L R ;1 < i < 3 } cV 



be super row vector subspaces of refined labels of V over L R . 

5 

Clearly V = (Jw; but W, n Wj * (0 0 I 0 I 0 0 0 I 0) if i*j, 1 < i, 

1=1 



j - 5. 

Thus V is only a pseudo direct sum of Wj, i = 1, 2, . . 5 and 
is not a direct sum. Now we see the supervector space of 
refined labels as in case of other vector spaces can be written 
both as a direct sum as well as pseudo direct sum of super 
vector subspaces of refined labels over L R (or R). 



Example 4.9 : Let V = 



{( L , L ., 1 


L a 3 


L a 5 1 




L 


a. 




L a „ ) L a . e L R ;1 <i <8 


be a super vector. 
Consider 














w, = { 


I L a, 


0 | 0 


0 


1 0 


0 


0 


0)L aj eL R 


} £V , 


w 2 ={ 


!° 


L a, I 0 


0 


1 0 


0 


0 


0)L a _eL R 




W 3 = { 


!° 


0 | L a, 


0 


0 


0 


0 


0)L ai eL R 


} £V , 


w 4 = { 


!° 


0 0 


L a, 


0 


0 


0 


0)L aj eL R 




W 5 ={ 


!° 


0 | 0 


0 1 


L a, 


0 


0 


o)l^l r 




W 6 = { 


(° 


0 0 


0 


0 


L «, 


0 


0 )\ l ^ l r \ 


c V, 


w 7 = {(0 


0 


0 0 


0 


0 


L 0 

a l 


) L a, eL R } 


c V and 



} 
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W 8 ={(o 0 | 0 0 | 0 0 0 L ai )| L ai eL R | c V; 

are super row vector subspaces of V over the field L R . Clearly 

8 

V = (J\V, but Wi n Wj = (0 0 I 0 0 I 0 0 0 0) if i*j, 1 < i, j < 8. 

i=l 

V is a direct sum of super row vector subspaces Wi, W 2 , 

W 8 of V over L R . 

Consider 

Wi = {(L 8i L a j0 0 1 0 0 0 L aj )| L a _ e L R ;l<i < 3 } cV, 

W 2 ={(L ai 0 |L a2 L a JO 0 0 0)|L a . e L R ;l<i < 3 } cV, 

W 3 ={(0 L a _|0 0 |L a2 L aj 0 0)|L a . e L r ;1 <i < 3 } cV 
and 

W 4 ={(L a _ 0|L aj 0|L aj 0 L a< 0 )| L a _ e L R ; 1 < i < 3 } cV 

be super row vector subspaces of V over the refined field L R (or 

4 

R). Clearly V = U w . is a pseudo direct sum of super row 

i=l 

vector subspaces of V over the field L R as W,n (0 0 I 0 0 I 
0 0 0 0) if i ^ j, 1 <i,j <4. 

Now having seen examples of direct sum and pseudo direct 
sum of super row vector subspaces of V over L R we now 
proceed onto define linear operators, basis and linear 
transformation of super row vector spaces of refined labels over 

L r . 

It is pertinent to mention here that L R = R so whether we 
work on R or L R it is the same. 
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Definition 4.4 : Let V- 

{ ( L a, I L a 2 - I L a n _, L a n )| K, &L R ;l<i< 77 } be a super row 

vector space of refined labels over the field L R . We say a subset 
of elements {x h x 2 , .... xj in V are linearly dependent if there 
exists scalar labels L ... L a in L R not all of them equal to 

zero such that Lx,+Lx 2 +... + Lx'=0. A set which is not 

Cij 1 c<2 X Cl j 

linearly dependent is called linearly independent. 

We say for the super row vector space of refined labels V = 
\(l L \L L L I ... I L L )\l g L„;l < i < n\ 

l\ ^2 I ^3 ^5 | I ^n—1 / \ Q ^ I 

a subset B of V to be a basis of V if 

(1) B is a linearly independent subset ofV. 

(2) B generates or spans V over L R . 

We will give examples of them. It is pertinent to mention in 
L r ; L m+ i is the unit element of the field L R . 

Example 4.10: Let V = 

{(L ai L a2 |L a jL a4 L as L a6 |L a7 )|L ai GL R ;l<i<7} be a 
super row vector space of refined labels over the field L R . 

Consider the set 

B = { (L m+1 , 0 I 0 I 0 0 0 I 0), (0, L m+1 I 0 I 0 0 0 I 0), (0 0 I 
Lm+1 I 0 0 0 I 0), (0 0 I 0 I Lm+1 0 0 I 0), (0 0 I 0 I 0 Lm+1 0 I 0), (0 
0 I 0 I 0 0 Lm+i I 0), (0 0 I 0 I 0 0 0 IL m+ i)} c Visa super basis of 
over L r . Clearly V is finite dimensional over L R . 

Consider P = (l^ L a „ | 0 | 0 0 0 | L a? ) , 

(0 0 | L a2 | 0 0 0 | 0), (0 0 | 0 | L aj 0 0 | o), 

(0 0 | 0 | 0 L ai L as |0) cV;P is only a super linearly 
independent subset of V but is not a basis of V. 
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Example 4.11: Let V = |(L aj | L a2 L a J|L a e L R ;1 <i < 3;J 

be a super row vector space of refined labels over L R . Consider 
B = {(L m+ , I 0 0), (0, I L m+ i 0), (0 I 0 L m+ i)} c Visa super basis 
of V over L R . 

Clearly dimension of V is three over L R . Consider M 
= {(L % |0 0),(0 | L a L a )} ci V; M is only a linearly 
independent set of V over L R and is not a basis of V over L R . 

TakeK= {(L ai |0 L % ),(L a[ | L aj 0),(0 | \ L a J, 

(L a | 0 ()),(() | L a o)J c V. K is a linearly dependent 
subset of V. Consider B = 

{(0 | L ai 0),(0|L ai Lj,(0|0 L a2 )} cV. B is also a 

linearly dependent subset of V over L R . 

Now having seen examples of linearly dependent subset, 
linearly independent subset and not a basis and linear 
independent subset of V which is a super basis of V, we now 
proceed onto define the linearly transformation of super row 
vector spaces of refined labels over L R . 

Let V and W be two super row vector space of refined 
labels over L R . Let T be a map from V to W we say T : V — > W 
is a linear transformation if T (cv + u) = cT (v) + T (u) for all u, 
v e V and c e L R . 

Example 4.12: Let V = 

{( L a, | L a 2 L a, | L a 4 L a 5 L a 6 )| L a G L R J 1 < i < b} be 3 SUpei' 

row vector space of refined labels over L R . W = 

{(L L |L |L L L L L )|l eL-l<i<8| 

be a super row vector space of refined labels over L R . Define a 
mapT: V->WbyT (L a[ |L a2 L aj | L a< L a5 L as ) = 

( L a, 0|L a2 0 | L aj L a4 L as L as o);T is easily 

verified to be a linear transformation. 
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Let P : V — » W be a map such that 
(L I L L I L L L ) = 

(L a L„ I L. L L„ L a 0 o) ; It is easily verified P 
is a linear transformation of super row vector space V into W. 



Example 4.13: Let V = 

{(L L L I L L I L I L L 

[V a l a 2 a 3 | a 4 a 5 | a 6 | a 7 • 




L a e L R ;l<i<10} be a super row vector space of refined 
labels over the field L R . Let T be a map from V to V defined by 
t(l L L I L LlLlL L L L ) = 

(l 0 L a I 0 L a I 0 I L a 0 L a o); T is a linear 

operator on V. It is clear T is not one to one. Ker T is a non 
zero subspace of V. Consider a map P : V — > V defined by 

P ((l L L I L a L a I L a I L L L L a )) = 

(l L L I L a L a I L a I L L L L a ) . P is 

V d 3 d 2 d l I d 5 d 4 | d 6 | d 10 d 9 d 8 d 7 / 

a linear operator with trivial kernel. 



Now suppose V 

[ 1 1 L LlLlL L L L )|l eL„;l<i<8} 

[V a l a 2 a 3 | a 4 I a 5 a 6 a 7 a 8 /| a i R J 

be a super row vector space of refined labels over the field L R . 
Consider W = 

{(L ai L aj L a j0|0 0 0 L aj )| L a _ e L R ; i = 1, 2, 3, 8} cV; 

W is a super row vector subspace of V of refined labels over the 
field L r . 

Let T : V — > V if T (W) c W, W is invariant under T, we 
can illustrate this situation by some examples. 
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t((l„ l„ l„|l,jl, j l„ l„ l„)) = 

(L ai L a L a3 | 0 | 0 0 0 L ag ) ;is such that T(W)c W. 
Suppose M = 

{(L a , 0 L a2 | 0 | L aj 0 L a< 0)|L a( e L R ;1 <i < 4 } cV; 

then M is a super row vector subspace of V of refined labels 
over L r . Define r| : V — » V by 

^ (( L a, L a 2 L a, | L a 4 | L a 5 L a 6 L a, L a s )) = 

(L a 0 L ai | 0 | L aj 0 L a4 0 ) ; r| is a linear 

transformation and M is invariant under r| as r) (M) <z M. 

As in case of usual vector spaces in case of super row vector 
space of refined labels over the field L R we can have the 
following theorem. 

THEOREM 4.1: Let V and W be two finite dimensional super 
vector spaces of refined labels over the field L R such that dim V 
= dim W. If T is a linear transformation from V into W, the 
following are equivalent. 

(i) T is invertible 

( ii ) T is non singular 

(iii) T is onto, that is range ofT is W. 

The proof is left as an exercise to the reader. 

Further we can as in case of usual vector space define in 
case of super row vector space of refined labels also the 
following results. 

THEOREM 4.2: If ( a t , a 2 , ..., a,,} is a basis for V then {Ta h 
Ta 2 , To,,} is a basis for W. (dim V = dim W = n is assumed), 
V a finite dimensional super vector space over L R and T„ is a 
linear transformation from V to W. 

This proof is also direct and hence left as an exercise to the 
reader. 
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THEOREM 4.3: Let V and W be two super row vector spaces of 
same dimension over the real field L R . There is some basis { a It 
a 2 , ..., a,,} for V such that {Tcci, Ta 2 , .... Ta, ,} is a basis for W. 

The proof of this results is direct. 

THEOREM 4.4: Let T be a linear transformation from V into 

If, V and W super row vector spaces of refined labels over the 
field L r then T is non singular if and only if T carries each 
linearly independent subset of V onto a linearly independent 
subset of W. 

We make use of the following theorem to prove the theorem 
4.4. 

THEOREM 4.5: Let V and W be any two super row vector 
spaces of refined labels over the field L R and let T be a linear 
transformation from V into W. If T is invertible then the inverse 
function T 1 is a linear transformation from W onto V. 

Also as in case of usual vector space we see in case of super 
row vector space V of refined labels over a field F = L R if Tj, T 2 
and P are linear operators on V and for c e L R we have 

(i) IP = Pi = p 

(ii) P (Ti + T 2 ) = PT, + PT 2 

(iii) (T, + T 2 ) P = TiP + T 2 P 

(iv) c (PT,) = (cP)T i = P (cTj). 

All the results can be proved without any difficulty and 
hence is left as an exercise to the reader. 

Also if V, W and Z are super row vector spaces of refined 
labels over the field L R and T : V — > W be a linear 
transformation of V into W and P a linear transformation of W 
into Z, then the composed function PT defined by (PT) (00 = 
P (T (a)) is a linear transformation from V into Z. This proof is 
also direct and simple and hence is left as an exercise to the 
reader. 

Now having studied properties about super row vector 
spaces of refined labels we now proceed onto define super 
column vector spaces of refined labels over L R . 
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Definition 4.5: Let V = < L a & L R -J<i<n\ be a 



super column vector space of refined labels over the field L R (or 
R ); clearly V is an abelian group under addition. 

We will illustrate this situation by some examples. 



Example 4.14: Let V = 



L a e L r ;1 < i < 8 > be group 



under addition. V is a super column vector space of refined 
labels over the field L R (or R). 



Example 4.15: Let V = -[ L ;i L a eL R ;l<i<5> be super 



column vector space of refined labels over the field L R . 
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Example 4.16: Let V = < 



K 

K 

k 

k 

L„ 



L eL R ;l<i<7 



be a super 



column vector space of refined labels over the field L R (or R). 



Example 4.17: Let V = 



L a . e L R ; 1 < i < 7 f be a super 



column vector space over the field L R . 



We can define the super column vector subspace of V, V a 
super column vector space over L R . 

We will only illustrate the situation by some examples. 
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Example 4.18: Let V = 



L e L R ;1 <i < 7 



be a super 



column vector space over L R 



Let Wj = 



L eL r ;1<1<4 



V be a super 



column vector subspace of V over L R . 

0 
0 



W, = 



0 
0 

vector subspace of V over L R . 



K 

L 



; L r ; 1 < i < 3 



V is a super column 
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L R ; 1 < i < 2 f cVisa super column 



vector subspace of V of refined labels over Lr. 



Example 4.19: Let V = 




L a e L R ; 1 < i < 9 > be a super 



column vector space of refined labels over L R . 
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Take Wj = < L a L a eL R ;l<i<4 c V; is a super 



column vector subspace of refined labels over L R . 



W 2 = 



0 L e L R ;1 <i < 3 



V is a super column 



vector subspace of refined labels over L R . 
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Example 4.20: Let V = 



L a e L R ;1 <i <10 > be a 



super column vector space of refined labels over L R . 



Consider Wi = j — L a eL R ;l<i<5 c V, is a super 



column vector subspace of refined labels over L R 
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Take W-. = 



L a, 

L a 2 

L a 3 

0 

K 

L a 5 

L a 6 

L, 



L e L„ ;1 <i < 7 



<z V is a super 



column vector subspace of refined labels over L R . 



Example 4.21: Let V 



K 

K 

L, 



L a 

K 

k 

L a 

L a 

L a 

K 

L 



L gL r ;1<1<12 



be a 



super column vector space of refined labels over the field L R . 
Consider the following super column vector subspaces of 
refined labels over L R of V. 
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w : = 



— L a e L R ;l<i<7 



•c V is a super column 



vector subspace of V over L R . 



W 2 = — 



L a eL R ;l<i<4 



c V is a super column 



vector subspace of V over L R . 
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W 3 = i — L a| eL R c V is a super column vector 



subspace of refined labels of V over L R . We see V = Ik and 



Wj n Wj = - ifi*j, 1 <i,j <3. 
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Example 4.22: Let V = j — - L a eL R ;l<i<6> be a super 



column vector space of refined labels on L R . Take Wi = 



l|L a . e L R ;1 <i < 2 £ V, W 2 = — ||L„eL R ^c V 



ai R 



and W 3 = j L a eL R ;l<i<3 cVbe three super column 



vector subspace of refined labels of V over L R . 

roi 



WeseeV= IJW; andW ; n Wj= - if i * j, 1 < i, j < 3. 



Thus V is a direct union of super vector column subspaces 
of V over L R . 
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Example 4.23: Let V = 



K 
K 

column vector space of refined labels over L R (or R). Consider 

L„ 



L a eL R ;l<i<8 



be a super 



W 1 = 



0 

0 

0 

k 

0 



L eL R ;l<i<4 



; V, be a super column vector 



subspace of refined labels of V over L R , 

0 



W 2 = 



0 

0 



L e L -l<i<4 



c V be a super column 



vector subspace of refined labels of V over L R . 
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w, = 



L gL r ;1<1<4 



c Vbea super column 



vector subspace of refined labels of V over L R . 
0 



W 4 = 



L eL R ;l<i<6 



L a 

K 

vector subspace of refined labels over L R of V. 



V be a super column 



Clearly V = (J W, and W, n W, * 



; i * j, 1 < i < 4. 



0 
0 
0 
0 
0 
0 
0 
0 

Thus V is a pseudo direct sum of super column vector 
subspaces of V over L R . 
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It is pertinent to mention that we do not have super column 
linear algebras of V of refined labels over L R . However we can 
also have subfield super column vector subspace of refined 
labels over L R . 



We will illustrate this by some examples. Just we know L Q 
is a field of refined labels and L Q <= L R . Thus we can have 
subfield super column vector subspaces as well as subfield 
super row vector subspaces of refined labels over the subfield 
L q of L r (or Q of R). 



Example 4.24: Let V = 



L a 

L n 



K 

L, 



L a e L r ;1 < i < 8 f be a super 



column vector space of refined labels over the field L R (or R). 



Take M 



0 

0 

K 

o 

0 

0 



K G L R ;l<i<3 



V be a super 



column vector space of refined labels over the refined labels 
field Lq. (Lq c L r ). M is thus the subfield super column vector 
subspace of refined labels over the subfield Lq of L R . 
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Example 4.25: Let M = 

{(L LlLlL L L I L L L L ) I 

[V a l >2 >J a 4 a 5 a 6 | a 7 a S a 9 a 10 / | 

L a g L r ; 1 < i < 1 0} be a super row vector space of refined labels 
over L r . 



Take P = 



{(■ 



L.J 



L a g L Q ;1 < i < Id} c M; P is a super row vector space of 



refined labels over Lq; thus P is a subfield super row vector 
subspace of V of refined labels over the subfield L Q of L R . We 
have several such subfield vector subspaces of V. 



Example 4.26: 



Let V = 




: L 0 ; 1 < i < { 



be a super 



column vector space of refined labels over the field L Q . Clearly 
V has no subfield super column vector subspaces of refined 
labels of V over the subfield over Lq as Lq has no subfields. In 
this case we call such spaces as pseudo simple super column 
vector subspaces of refined labels of V over Lq. However V 
has several super column vector subspaces of refined labels of 
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V over L 0 . For instance take K = ■ 



0 



0 



: L R ;1 < i < 4 !> c 



V, K is a super column vector subspace of V over the field L R of 
refined labels. 



Example 4.27: Let V = 

Ul l|l l l I l l l L I L ) I 

l V a, a 2 I a 3 a 4 a 5 | a 6 a 7 a 8 a 9 | a 10 ) | 

L a e L R ;1 <i < 10| be a super row vector space of refined 
labels over the field Lq. 

Clearly Lq has no proper subfields other than itself as L Q = 
Q. Hence V cannot have subspaces which are subfield super 
row vector subspace of refined labels over a subfield of L Q so V 
is a pseudo simple super row vector space of refined labels over 
Lq. 
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Example 4.28: Let V = < 





L R ;l<i<l(H 



be a super 



column vector space of refined labels over Lq. V is a pseudo 
simple super column vector space of refined labels. However V 
has several super column vector subspaces of refined labels over 
Lq Of V. 



For instance T = 



L a 2 

0 

T 

o 

0 

~0~ 

0 



L e L -l<i<4 



cVisa super 



column vector subspace of V of refined labels over Lq. 

Now we can as in case of other vector spaces define basis 
linearly independent element linearly dependent element linear 
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operator and linear transformation. This task is left as an 
exercise to the reader. However all these situations will be 
described by appropriate examples. 



Example 4.29: Let V = 



L a e L R ;1 < i < 6 f be a super 



column vector space of refined labels over the refined field L R . 



Consider the set B = 




verified B is a linearly independent subset of V but is not a basis 
of V. We see B cannot generate V. 



Now consider C 



l~L 




V 




" 0 " 


■^m+l 










0 




0 




L a, 


0 




0 




0 


0 


’ 


0 


’ 


0 


0 




0 




0 


0 




0 




.V 



i) 



^m+l 

0 

~d~ 

o 

o 



o 

o 

o 



o 

o 



V; It is easily verifield the subset C of V cannot generate V so is 
not a basis further C is not a linearly independent subset of V as 



128 




T 




X" 


L m+1 






0 




0 


0 


and 


0 


0 




0 


0 




0 


0 




0 



are linearly dependent on each other. 



These are more than one pair of elements which are linearly 
dependent. 



Now consider H = 

L m+ i 
~ 0 ~ 

0 

•< 

0 

0 

L 0 

of V and the space is of finite dimension and dimension of V 
over L r is six. 





0 




0 




0 




0 




0 






^"'m+1 




0 




0 




0 




0 






0 




•^m+l 




0 




0 




0 




’ 


0 


’ 


0 


’ 


■^m+1 


’ 


0 


’ 


0 


r 




0 




0 




0 




^m+1 




0 






0 




0 




0 




0 




•^m+l 





V is a basis 



Now if we shift the field L R from L Q we see the dimension 
of V over Lq is infinite. 

Thus as in case of usual vector spaces of dimension of a 
super column vector space of refined labels depends on the field 
over which they are defined. 

This above example shows if V is defined over L R it is of 
dimension six but if V is defined over Lq the dimension of V 
over Lq is infinite. 



Example 4.30: Let V = 

{(L L I L L LlLlL L L L ) I 

[V a l a 2 I a 3 a 4 a 5 I a 6 I a 7 a 8 a 9 a 10 / | 

L a e L R ;l<i<l()} be a super row vector space of refined 
labels over the refined field Lq. Clearly V is of infinite 
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dimension over Lq. Further V has a linearly independent as 
well as linearly dependent subset over Lq. 



Consider B 


= 


{(L. 


*1 


0 


1 0 


0 


0 


I 0 | 0 0 


o o), 


(° 0 


L a 2 




0 0 


0 


0 


0 


0 


0), 




(° 0 


0 


0 


0 


L 


>3 | 


0 


0 


0 


0), 




(° 0 


0 


0 


0 


0 


L 


' a 5 


0 


K 


3 0) 




(° 0 


0 


0 


0 


0 


0 


L 


'a 7 


0 




L R ;l<i<8} 



<z V, B is a linearly independent subset of V over Lq. 

Take P = j(L a L a J 0 0 0|0|0 0 0 0), 

(0 0 | L ai L aj 0 | 0 | 0 0 0 0) , 

(0 L a J 0 0 L a J 0 | 0 0 0 0) , 

(L ai 0 | L ai 0 0 | L a4 | 0 0 0 0), 

(o 0 | 0 0 0 | 0 | 0 0 0 L a? ) 

(o 0 | L ai L a2 L aj | 0 | 0 0 0 o)}c V, P is a 

linearly dependent subset of V over L Q . We have seen though 
V is of infinite dimension over L Q still V can have both linearly 
dependent subset as well as linearly independent subset. 

Example 4.31: Let V = 

{( L a, I L a 2 I L a, | k 4 | k 5 ) | L aj e L Q h 1 ^ 1 ^ s} be a super row 

vector space of refined labels over the field Lq. Clearly V is 
finite dimensional and dimension of V over Lq is given by B = 

{(L m+1 | 0 | 0 | 0 | 0),(0 | L m+1 | 0 | 0 | 0),(0 | 0 | L m+1 | 0 | 0), 

(0 | 0 | 0 | L m+I | 0),(0 | 0 | 0 | 0 | L m+1 )} c V, which is the 

basis of V over L Q . 
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Consider M = 

{(L a] | 0 | 0 | 0 | 0),(L m+1 | 0 | 0 | 0 | 0),(0 | L ai | | 0 | o), 

(0 | L m+1 | L m+1 | 0 | 0),(0 | 0 | 0 | L ai | o),(o | 0 | 0 | L b[ | o)| 

L b[ ,L a e L Q ;1 < i < 2| c V is a subset of V but is clearly not a 

linearly independent set only a linearly dependent subset of V. 

Now we will give a linearly independent subset of V which 
is not a basis of V. 



Consider T = 

{(l„ I 0 I 0 I 0 I o),(0 I 0 I L m+1 I 0 I 0),(0 I 0 I 0 I L m+1 | L m+1 

in V; clearly T is not a basis but T is a linearly independent 
subset of V over Lq. 

Now having seen the concept of basis, linearly independent 
subset and linearly dependent subset we now proceed onto 
define the notion of linear transformation and linear operator in 
case of the refined space of labels over L R (or Lq). 

DEFINITION 4.6: Let V and W be two super row vector spaces 
of refined labels defined over the refined field L R (or Lq). Let T 
be a map from V into W. If T (ca + J3) = cT ( a) + T (j5)for all c 
€ Lr (or Lq) and a, jB e V then we define T to be a linear 
transformation from V into W. 

Note if W = V then we define the linear transformation to 
be a linear operator on V. 

We will illustrate these situations by some examples. 



Example 4.32: Let V = 

{{\ L a 2 L 3 | L 4 | L as Lj|L ai eL R ;l<i<6} andW 





L a e L R ;l<i<10} be two super row vector spaces of refined 
labels over L R . 
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Define T : V — » W be such that 
T((L, L_ L„ | L„ | L„ L,J) 

= ( L , 1 | L ,, o I 0 0 L„ I L„ I L„ 0 L,, ); it is easily 

verified T is a linear transformation of super row vector space of 
refined labels over L R . 



It is still interesting to find the notions of invertible linear 
transformation and find the algebraic structure enjoyed by the 
collection of all linear transformations from V to W. 

k 

k 

L 



Example 4.33: If V = 



L a , eL R ; 15 ^6 



and 



W = 



L a e L R ;l<i < 10 i be two super column 



vector spaces of refined labels over L R . 
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We can define the map T : V — > W by 



T ( 



k 

k 

k 

k 

L a, 

L„ 



Hk 



0 0 0 | o). 



It is easily verified T is a linear transformation of V into W. 
Infact we see kernel T is just the zero super vector subspace of 
V. 



Example 4.34: Let V = 




L R ;l<i<9 



be a super 



column vector space of refined labels over L R . 
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Define T : V -» V by T = ( 




it is easily verified that T is a linear operator on V and kerT is a 
non trivial super vector column subspace of V. Clearly T is not 
one to one. 

Interested reader can define one to one maps and study the 
algebraic structure enjoyed by Hom LK (V,V) = {set of all linear 

operators of V to V}. Further it is informed that the reader can 
derive all the results and theorems proved in the case of super 
row vector spaces with appropriate modifications in case of 
super column vector spaces. This task is a matter of routine and 
hence is left for the reader as an exercise. 

Now we proceed onto define the notion of super vector 
spaces of m x n super matrices of refined labels over the field 
Lr. 



DEFINITION 4 . 7 : Let V = {All m x n super matrices of refined 
labels with the same type of partition with entries from L R j; V is 
clearly an abelian group under addition. V is a super vector 
space of m xn matrices of refined labels over the field L R (or R 
or L q or Q). 

We will illustrate this situation by some simple examples. 
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Example 4.35: Let V = 



\\ 


L a 2 


L a 3 


L 


L 


L 


a 4 


a 5 


a 6 


k 


L a 8 




L 

L d io 


La, 


L 

d 12 



L a , e L R ;l<i <12> 



vector space of refined labels over L R . 



be the super matrix 



Example 4.36: Let M = \ 



L a , 


L a 2 


La 3 


L a 4 


L a 5 


L a 6 


L a 7 


L a s 


L a, 


L 

d 10 


La, 


L 

a 12 


La 13 


La, 


La 15 


L a I6 


L a 17 


L 

a 18 



e L R ;1 <i <18 



be a 



super matrix vector space of refined labels over L R . M is also 
known as the super column vector vector space of refined labels 
over L r . These super matrices in M are also known as the super 
column vectors (refer chapter 1 of this book). 



Example 4.37: Let T = 






L a . e L R ;1 <i < 18 ) 



be a 



super matrix of vector space of refined labels over the refined 
field L r . We can also call T to be a super row vector - vector 
space of refined labels over L R . 
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Example 4.38: Let K = 







L *3 


K) 


H-f 


k 




K 




L 

d 10 


kl 


L 

d 12 


\^ a 13 


L a 14 


L a I5 


^"a 16 / 



L a e L r ;1 < i < 16 > be the super 



matrix of vector space of refined labels over L R . 



Now it is pertinent to mention here that we cannot construct 
super linear algebra of refined labels even if the natural order of 
the super matrix is a square matrix. Thus we find it difficult to 
obtain linear algebras expect those using L R or L Q over L R or Lq 
respectively. 



Thus we see if V = L R = |L a |L a e L R | then V is a vector 

space as well as linear algebra over L R or Lq however it is not a 
super linear algebra of refined labels over L R or Lq. 

Likewise Lq = |L a L a e L Q j is only a linear algebra over 
Lq, however it is not super linear algebra over Lq. 

Now we can define the notion of super vector subspaces, 
basis, linear operator and linear transformation as in case of 
super row vector spaces or super column vector spaces. This 
task is left as an exercise to the reader. We only give examples 
of all these concepts so that the reader has no difficulty in 
following them. 
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Example 4.39: Let V = < 



L a e L r ;1 <i <16 ) be a 




super matrix of vector space of refined labels over Lj 
column vector, vector space of refined labels). 



Consider M = 



L a 1 




0 


0 


L a 3 


L a 4 


0 


0 


L a 5 


k 


0 


0 


L a 7 




0 


0 



L R ;l<i<8^c 



super column vector subspace of V over L R . 



. (super 



V, is the 
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0 


0 


0 


0 


L a, 


K 


L a 3 




L a 5 


k 


0 


0 


0 


0 


0 


0 



L a e L R ;1 < i < 6 f ci V is a super 



column vector, vector subspace of V over L R of V. 
Example 4.40: Let K = 



(L 


L 


L a 3 


a ! 


a 2 


L 


L 


L 


a 7 


a 8 


a 9 


L 


L 


L 


a 13 


a 14 


a 15 


L 


L 


L 


V a 19 


a 20 


a 21 



L e L R ;1 <i < 24 > be 



a super row vector, vector space of refined labels over L R . 
Consider M = 



L eL R ;l<i<12 c K, is a 



y° 


0 


K 


0 


0 


L a 2 


0 


0 


L a 3 


0 

[v 


0 


L a 4 



a L 

“8 d 12 . 



super row vector, vector subspace of K over L R . 

We can have many such super row vector, vector subspaces 
of K over R. 



138 




Example 4.41: Let V = 



v L , 



K 

L 



a 6 y 



L a e L R ;l<i<6f be a 



super matrix vector space of refined labels over the field L R 
(or R). 

Example 4.42: Let P = 



L a, 


La 2 


La 0 


L a 4 


La 5 


L a 6 


L a 7 


L a s 


L a, 


L 

a 10 


La„ 


L 

a 12 


L 

a 13 


L a 14 


L a,5 


L a 16 


L 

d 17 


^ a 18 / 



L e L R ;1 <i <18 



be a super matrix 



vector space of refined labels over the field L R . Take M = 



" 0 


0 




0 


0 


L a 2 


L a 3 


La 4 


0 


0 


0 


L a 5 


La 6 


La, 


0 


0 


0 


L, 



L a e L r ; 1 < i < 8 1 c P is a super matrix 



vector subspace of P over L R . 



Example 4.43: Let V = 



f 



L L 

a 1 a 

L„ L„ 



L L 

a 7 a 8 



K 

L„ 



L eL;l<i<9 



be a super matrix vector space of refined labels over L R 
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super matrix vector subspace of refined labels over L R of V. 

Now as in case of super row vector space of refined labels 
we can in the case of general super m x n matrix of refined label 
of vector space define the notion of direct sum of vector 
subspaces and pseudo direct sum of super vector subspaces. 
This task is simple and hence is left as an exercise to the reader. 

However we illustrate this situation by some examples. 



Example 4.44: Let V = 

L a e L r ;1 < i < 12 > be a super matrix 
vector space of refined labels over the field L R . Consider W i = 

k, 0 0 ) 

L 0 0 

— 1 L, e L„ ;1 < i < 3 > cz V, be a super matrix row 

0 L a 0 a ‘ R 

a 3 

0 0 0 

J 

vector subspace of V over L R . 
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w,= 



/o 


0 




0 


0 




a 2 


o~ 


0 


0 


0 

[V 


0 


0 



L eL -l<i<2 



: V, 



W 4 = 



f Q 

0 



0 0 > 
L 0 



W 5 = 



O 


0 




0 


0 


0 


0 


0 


0 


O 


0 


0 


o 


0 


0 


0 


L a, 





L eL R ;l<i<2 



: V and 



L GL R ;l<i<2 



<z V, be super matrix 



vector subspaces of V over L R . We see clearly V = [J W; and 



Wi n Wj = 





o 

o 


o 


0 0 


o 


0 0 


lo 


0 0, 



if i ^ j, 1 < i, j < 5. Thus V is the direct 



sum of super matrix vector subspaces of V over L R . 



Example 4.45: Let V = 



f L 


L 


L 


L 


L L L 1 

a 5 a 6 a 7 

L L L 




' 


a i 

L 


a 2 

L 


a 3 

L 


a 4 

L 




L e L„ ;1 <i < 21 1 


a 8 


a 9 


a 10 


a u 


a 12 a 13 a 14 




a i R ’ 


V^ a 15 


L a 16 


L 

“17 


L 

d 18 


L L L 

a 19 a 20 a 21 / 







be a super row vector, vector space of refined labels over L R . 
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Consider 

17 



W 1 = 



w 2 = 



w,= 



w 4 = 



K 

L a ; 

L a : 

0 

0 

0 

0 

0 

0 



K 

L a : 

L a 

0 

0 

0 

0 

0 



0 0 
0 0 
0 0 

0 0 
0 0 
0 0 

La L 

d l d 2 

0 0 

L L 

a 3 a 4 

0 0 



0 0 0 A 
0 0 0 
0 0 0 

0 0 0 
0 0 0 
0 0 0 

0 0 0 
0 0 0 
0 0 0 



L a e L R ;l<i <3 



c V, 



L, g L R ;l<i <3 



£ V, 



L„ g L R ;1 < i <4 > cV, 





1° 


0 


0 




0 


k 


( 


"o 


0 


0 


0 


0 


K 


<-n 

n 


0 


0 


0 


0 


0 


La 3 




0 

V 


0 


0 


0 


0 


La 3 


[ 


"o 


0 


0 


0 


0 


o 

r 


II 

so 


0 


0 


0 


0 


0 


o 

r 




0 

V 


0 


0 


0 


0 


o 

r 



J 

0 0 
0 0 
0 0 

A 



L £ L R ;1 <i <5 



V, 



a 3 J 



La, g L R ;l<i <3 



: V and 



L, g L R ;l<i <3 



: V be 



super row vector, vector subspaces of V over the field L R . 
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Clearly V = \J W ; and W 1 nW j = 



"0 


0 


0 


0 


0 


0 


0" 


0 


0 


0 


0 


0 


0 


0 


v0 


0 


0 


0 


0 


0 





; if i ^ j. Thus we see V is a direct 



sum of super row vector subspace of V over LR. 
Example 4.46: Let V = 



L r ;1 < i < 16 



L a, 


L a 2 


L a, 




La, 


La 6 


L a 7 


L a s 


La 9 


L 

d 10 


L a n 


L 

d 12 


La„ 


L a 14 


L a I5 


L a I6y 



be a super 



matrix vector space of refined labels over L R . 



Consider Wi = t 



(K 


0 


0 


0 


K 

< 


0 


0 


0 


L a 3 


0 


0 


o 


0 

V 


0 


0 


o 



L a . e L R ; 1 < i < 3 



; v, 



w, = 



0 


0 


0 


0 


0 


0 


0 


0 


0 


La, 


0 


0 


La, 


La, 


0 


La 4 



L R ;1<1<4 



V, 



w,= 



f° 


0 


0 


La, 


0 

< 


0 


0 


La, 


O 


0 


0 


L a 4 


1®1 


0 


L a, 


0 



L R ;l<i <4 



£ V; 
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be super matrix vector subspaces of V over the refined field L R . 




1 < i, j < 5. Thus V is the direct sum of super vector subspaces 
of V over L R . 

Now having seen the concept of direct sum we now proceed 
onto give examples of pseudo direct sum of subspaces. 



Example 4.47: Let V = 





L a g L r ;1 < i < 15 > be a super 



row vector, vector space of refined labels over L R . 
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Consider 





\ 


0 


o 

O 

O 






w, = < 


L a 2 


0 


0 0 0 




L a . g L R ;1 <i <5 




L 


0 


L 0 L 








V a 3 




a 4 a 5 J 





cV, 





' 0 


0 


o 

o 

o 






W 2 = < 


0 


0 


o 

o 

H-f 




L a , e L R ;1 <i < 4 




L 


L 


o 

o 

r 








V a i 


a 2 


a 4 y 





£ V, 





' 0 


L a 2 


O 

o 






W 3 = < 


0 


L a 3 


0 0 0 




L a , e L R ;1 <i < 4 




L 


L 


0 0 0 








V a i 


a 4 


j 





: V, 



W 4 = 



W 5 = 



( 0 


L 


L L L 'l 




' 




a 2 


a 4 a 5 






L a, 


0 


0 0 0 




K e L R ;l<i<6 


0 


0 


0 0 L 






[V 




a 6 J 




f 0 


L 


r 

o 

o 




' 




a 2 


d 3 






0 


0 


L L L 

d 4 d 5 d 6 




K e L R ;l<i<9 


L 


0 


L L L 






[v a i 




d 7 d 8 d 9 / 





V and 



V are 



super row vector subspaces of V over L R . 

5 

We see clearly V = (JW ; and Wj n Wj ^ 



"0 


0 


0 


0 


0" 


0 


0 


0 


0 


0 


v0 


0 


0 


0 





ifi^j, 1 < i, j < 5. 



Thus V is not the direct sum of super row vector subspaces 
of V but only a pseudo direct sum of super row vector 
subspaces of V over L R . 
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Example 4.49: Let V = 




146 






147 





column vector, vector subspaces of V over L R . 
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Clearly V = (J W ; and WjnW^ 





0 


0" 


o 


0 


0 


o 


0 


~0 


0 


0 


0 


o 


0 


0 


o 


0 


o 


o 


0 


o 


0 


0 


0 


O 


0 


O 



if i*j, 1 <i, 



j<5. 

Thus V is only a pseudo direct sum of super column vector, 
vector subspaces of V over L R . 



Example 4.49: Let V = 



f La ‘ 




L a 3 




L a 5 


L a 6 


L . 


L a s 


L , 


L 

d 10 


La, 


L 

d 12 


L 

d 13 


L a 14 


L a 15 


L a 16 


L a 17 


L 

d 18 


L 

d 19 


L 

d 20 


L 

l “21 


L 

d 22 


L 

d 23 


L 

d 24 



L R ;l<i <24 



be a super 



matrix vector space of refined labels over L R . Consider W i = 



K 

L a 2 


0 0 
0 0 


La 3 

L a 4 


0 


0 0 


0 


0 


0 0 


0 


0 


0 0 


0 


0 

V 


0 0 


0 



L EL R ;l<i<4 



; v, 
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(K 

0 


0 

0 


0 

k 


0 

0 


0 


0 


L a 6 


0 


L *2 


0 




0 


0 


0 


L a 8 


La, 


l L - 




0 


0 



L R ;l<i<9 



> c V, be super 



vector subspace of V over L R . V = 



0 


0 


0 


0 


O 


0 


0 


0 


O 


0 


0 


~0 


0 


0 


0 


0 


O 


0 


0 


0 


o 


0 


0 


o 1 



if i*j> 1 < i, j < 6. 



6 

[^Jw, and W, n W, ^ 

i= 1 



Thus V is a pseudo direct sum of super matrix vector 
subspaces of V over L R . 

Now we can as in case of vector spaces define linear 
transformation, linear operator and projection. This task is left 
as an exercise to the reader. Also all super matrix vector spaces 
of refined labels over L R . 



Example 4.50: Let V and W be two super matrix vector spaces 
of refined labels over L R , where V = 



f 







V 



L 



43 




L a e L r ;1 < i < 16 \ be a super matrix 



vector space of refined labels over L R . 
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Consider W = 




be a super matrix vector space of refined labels of L R . 



Define T : V — > W by 




Clearly T is a linear transformation of super matrix vector 
space of refined labels over L R . 



Example 4.51: Let V = 




vector space of refined labels over L R . 



super 



matrix 



Consider T : V — > V a map defined by 
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Clearly T is a linear operator on V. 



Now consider W = 




L R ;l<i<9 



c V, W is a super matrix vector subspace of V of refined labels 
over L r . 



L a, 


L a 2 


L a 3 








La 2 


L^ 


L a 4 


L a 5 


La 6 






L a 4 


L a 5 


La, 


L . 


L a 8 


La, 




= 


L a 7 


L a s 


La, 


L 

d 10 


La„ 


L 

d 12 






0 


0 


0 


La 13 


L a 14 


L a 15 _ 


) 




0 

V 


0 


0 



It is easily verified that P is a projection of V to W and P 
(W) c W; with P 2 = P on V. 

We can as in case of super row vector space derive all the 
related theorems given in this chapter with appropriate 
modifications and this work can be carried out by the reader. 

However we repeatedly make a mention that super matrix 
linear algebra of refined labels cannot be constructed as it is not 
possible to get any collection of multiplicative wise compatible 
super matrices of labels. 

Now we proceed onto define the notion of linear functional 
of refined labels L R . 

Here once again we call that the refined labels L R is 
isomorphic with R. So we can take the refined labels itself as a 
field or R as a field. 
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Let V be a super matrix vector space of refined labels over 
L r . Define a linear transformation from V into the field of 
refined labels called the linear functional of refined labels on V. 

Iff: V^L r then 

f (L c a + (3) = L c f (a) + f ( (3) where a, (3 e V and L c e L R . 
We will first illustrate this concept by some examples. 




column vector space of refined labels over the field of refined 
labels L r . 




T is a linear functional on V. 
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Infact the concept of linear functional can lead to several 
interesting applications. 



Example 4.53: Let V = 



k 

L 



L a eL R ;l<i<7 



k 
k 

column vector space of refined labels over L R . 
Define f : V — > L R by 



f( 



k 

k 

L 



)=k+k 2 +k 3 



= L ^ ^ g L r . f is a linear functional on V. 

a l +a 2 +a 3 



Consider fi : V — > L R by 



> be a super 
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L 



fi ( 



) = L a ; fi is also a linear functional on V. We 



k 
k 

can define several linear functional on V. 



Consider f 2 ( 



L a 

L a . 

k 

k 

L a . 

k 

L, 



)=k ,+k+k 



^ J a 1 +a 4 +a 7 ^ 

f 2 is a linear functional on V. We see all the three linear 
functionals f l5 f 2 and f are distinct. 



Example 4.54: Let V = 

{(l, |L„ L„ L., L„ ML.. Lj|L,eL >; l<i<s} 

be a super row vector space of refined labels over L R . 

Define f : V — > L R by 



f ((k 



= L +L 

a l a 2 

= L„ 



L L 

a 2 a 

L n 



M L J> 



a 4 a 7 

; f is a linear functional on V. 



a i + a 2 +34 +a 7 

We can define several linear functional on V. 
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Example 4.55: Let V = 





L a 2 


L a 3 


L a 4 


L a 5 


L a 6 


L , 


L a s 


La, 


L 

“10 


L a„ 


L 

“12 


L 

“13 


L a 14 


La 15 


L a 16 


L 

“17 


L 

“18 


L 

“19 


L 

“20 


L 

“21 


L 

“22 


L 

“23 


L 

“24 


L 

“25 


L 

“26 


L 

“27 


L 

“28 


L 

“29 


L 

“30 



L R ;1 <i < 30 > 



be a super column 



vector, vector space of refined labels over Lr, the field of 
refined labels. 



Define f : V — » L R by 



La, 


L a 2 


L a 3 


La 4 


La 5 


La 6 


La, 


L a 8 


La, 


L 

“10 


L a„ 


L 

“12 


La, 3 


L a 14 


L a, 5 


La, 6 


L 

“17 


L 

“18 


L 

“19 


L 

“20 


L 

“21 


L 

“22 


L 

“23 


L 

“24 


L 

“25 


L 

“26 


L 

“27 


L 

“28 


L 

“29 


L 

“30 



= L 
= L 



+ L„ + L, + L, L n 



2j +£15 +27 +2j j +2|3 + 3 j 7 +3.^9 +823 “^29 ^ 



+ L +L +L + L 

“17 “19 “23 “29 

f is a linear functional on V. 
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Example 4.56: Let V = 



K 

L 


^ a 5 ^ a 9 ^ a 13 

L L L 


J J 






a 2 


a 6 a 10 a 14 


“18 “22 




L a e L R ;1 <i < 24 


L a 3 

[ L a 4 


L L L 

a 7 a ll a 15 

L L L 

a 8 a 12 a 16 


L L 

a 19 a 23 

L L 

a 20 a 24 _ 







super row vector space of refined labels over L R . 



Consider f : V — > L R by 



f( 



X 


K 


K 


L 

a 13 


L 

a 17 


1 


L a 2 


K 


L 

a 10 


L a, 


L 

“18 


L 

“22 


L a 3 




L., 


L a 15 


L 

“19 


L 

“23 


1 


K 


L 

a 12 


L a 16 


L 

a 20 


L 

a 24 _ 



)=L +L +L +L 

7 a l a 6 a ll a 24 



= L , 4 . a , a is a linear functional on V. 

a l+ a 6+ a n+ a 24 



Example 4.57: Let V = 



L a , 


L a 2 


L a/ 


L a 4 


La 5 


La 6 


L a 7 


L a s 


L a 9 


L 

a 10 


La, 


L 

a 12 


L ai3 


La, 


L ai 3 



L r ;l<i <15 



be a super matrix 



super vector space of refined labels over L R , the refined field of 
labels. 

Define f : V -> L R by 



L ai 


La 2 


La/ 


L a 4 


L a 5 


La, 


La, 


L a 8 


La, 


L 

d 10 


La, 


L 

“12 


L ai3 


La, 


L a I5 . 
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a l+ a 5+ a 7+ a ll+ a 6+ a 12+ a 13 ’ 

f is a linear functional on V. 

We as in case of vector space define the collection of all 
linear functionals on V, V a super matrix vector space over L R 
as the dual space and it is denoted by L (V, L R ). 

Here we define L 6 = 0 if i ^ j if i = j then L 6 = L m+ i. 

Using this convention we can prove all results analogous to 
L (V, F), F any field. 

For instance if V = 

{( L a, | L a 2 | L a 3 L a 4 ) | L a. ^ L R i 1 ^ 1 ^ 4 } be 3 SU P e1 ' TOW 

vector space of refined labels over L R then B = { (L m+I I 0 I 0 0) 
= v 1; v 2 = (0 1 L m+1 I 0 0), v 3 = (0 I 0 I L m+1 I 0), v 4 = (0 I 0 I 0 
L m +i) } £ V is a basis of V over L R . 

Define fj (vj) = L s ; 1 < i, j < 4; (fi, f 2 , f 3 , f 4 ) is a basis of 
L (V, L r ) over L R . 

We as in case of usual vector spaces define if f : V — » L R is 
a linear functional on super vector space of refined labels with 
appropriate modifications then null space of f is of dimension 
n- 1. 

It is however pertinent to mention here that we may have 
several super vector spaces of dimension n which need not be 
isomorphic as in case of usual vector spaces with this in mind 
we can say or derive results with suitable modifications. 

However for any super matrix vector space V of refined 
labels over L R the refined hyper super space of V as a super 
subspace of dimension n - 1 where n is the dimension of V. 




Consider V = < 

l 


L 


V 

L 


L a . e L r ; 1 < i < 4 ] 




V a 3 


a 4 J 


J 



matrix vector space of dimension four over the refined field L R . 



Consider W = 



f 


(L 


L ^ 


1 


a l 


n 2 


| 


0 


L 


l 


V 


d i y 



L r ; 1 < i < 3 > c V, W is 



the hyper super space of V and dimension of W is three over Lr. 



Example 4.58: Let V = 



k 

k 

L a 

k 

L a 

L a 

k 

L a . 

k 

L. 



L a eL R ;l<i<10 



be a super 



column vector space of dimension 10 over the field L R of 
refined labels. 
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Consider M = 




L R ;l<i<9 



c V is a hyper 



super space of refined labels of V over L R . Infact V has several 
hyper super spaces. 



Example 4.59: Let V = 



L , 


L a 2 


L a 3 


K 


L a 5 


L a 6 


L a, 


L a s 


L a» 


^ a 10 


L a» 


L 

d 12 


L 

a 13 


L 

a 14 


L a 15 


L a 16 


L 

dj? 


L 

“18 . 



L R ;1 < i < 18 > 



vector space of refined labels over L R . 



be a super matrix 



Consider W = < 



0 




L a 3 


L a 3 


K 


L , 


K 


K 


L a 8 




L 

d 10 


L a 31 


L 

a 12 


L a I3 


L a,4 


L a 15 


L a I6 


L 

a 17 . 



L a . e L R ;1 <i < 17 



: V, 



be a super matrix vector subspace of V over L R . 
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Clearly W is a hyper super space of refined labels over L R 
of V. Dimension of V is 18 where as dimension of W over L R 
is 17. 

Let V be a super vector space of refined labels over L R . S 
be a subset of V, the annihilator of S is the set S° of all super 
linear functionals f on V such that f (a) = 0 for every a e S. 

Let V = {[L ai | L aj | L a J L a eL R ;l<i<3} be a super 

row vector space of refined labels over L R . We will only make 
a trial. 

Suppose W = j[L ai | 0 | oj L a e L R J cVbea subset of 
V. 

Define f : V ^ V by 

f((L % | 0 | 0))= (0 | 0 | 0) every (L a | 0 | 0) e W. 

W° = {f e L (V, L r ) I f ((L a | 0 | 0)) 

= (0 | 0 | 0) for every L a e L R }. 

We see W° is a subspace of L (V, L R ) as it contains only f 
and f D the zero function. However one has to study in this 
direction to get analogous results. 

We will give some more examples. 



Consider K = 




be a super matrix vector space of refined labels over the 
field L r . 
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Let S = 



0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


k 


0 


0 


~0 


L a 2 


0 


0 


0 


0 



k, 


L a 2 


0 


0 


1 

o 


L a 3 


L a 4 


0 


0 


0 


0 


0 


0 


0 


o 


0 


0 


0 


0 


1 

O 



0 


0 


L ai 


L a 2 


L a/ 


O 


0 


0 


0 


0 


O 


0 


0 


0 


0 


0 


0 


0 


0 


0 



> where L e L R ; 1 <i<4} cVbea 



proper subset of V. Clearly S is not a super vector subspace of 
V it is only a proper subset of V. 



Define f : V — > V as follows: 



L a, 


L a 2 


L a 3 


L a 4 


L a 5 


k 


L a 2 


L a 8 


L a, 


L 

d 10 


L a u 


L 

d 12 


L 

“13 


L a I4 


L a 15 


L a 16 


L 

a 17 


L 

“18 


L 

“19 


L 

“20 . 



0 


0 


0 


0 


0 


0 


0 


L 


L 


L 


a 12 


a 13 


a i 4 


L 


0 


L 


L 


L 


a 5 


a 15 


a 16 


a 17 


0 


L a 8 


L 

d 18 


L 

d 19 


L 

d 20 . 





" L ai 


L a 2 


L a 3 


L a 4 


L a 5 




"0 


0 


0 


0 


0 


f 2 ( 


L a 6 


L a, 


L a 8 


L a, 


L 

d 10 


) = 


0 


0 


L a 8 


0 


0 


L a n 


L 

a 12 


L 

a 13 


L a I4 


L a 15 


o ” 


0 


0 


0 


~0 




L a 1( 


L 

d 17 


L 

d 18 


L 

d 19 


L 

d 20 _ 




0 


0 


0 


0 


0 
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We see f l5 f 2 , f 3 and f 4 are defined such that f, (x) = 
0 0 0 0 0 " 

0 0 0 0 0 

for every x e S, 1 < i < 4. Now having seen 

0 0 0 0 0 

0 0 0 0 0 , 

how S° looks like we can give a subspace structure of L (V, L R ). 



We can as in case of usual vector space derive properties 
related with the dual super space and properties enjoyed by the 
super linear functionals or linear functionals on super matrix 
vector spaces of refined labels. The only criteria being L R is 
isomorphic to R. Also we have the properties used in the super 
linear algebra regarding super vector spaces [47]. 
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Chapter Five 



Super Semivector Spaces of Refined 
Labels 



In this chapter we for the first time introduce the notion of 
super semivector space of refined labels. 

We have defined the notion of semigroup of refined labels. 
Also we have seen the set of labels L a e L + forms a 

semifield of refined labels. Also L , is again a semifield of 

refined labels. We would be using the semifield of refined labels 
to build super semivector spaces of different types. 

Let 

M = {(L L I L I L L L I ... I L L )| 

[V % a 2 I a 3 I a 4 a 5 a 6 | | a n-l a n )\ 

L, eL ; 1 < i < n S- be the collection of all super row 

a i R u{0} J r 

vectors of refined labels. 

Clearly M is a semigroup under addition. We see M is 
infact only an infinite commutative semigroup under the 
operation of addition. Clearly M is not a group under addition. 
Further we cannot define product on M as it is not compatible 
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under any form of product being a super row vector. We know 
L , and L + are semifields. Now we can define super 

R u{0} Q u{0} r 

semivector space of refined labels. 



Definition 5.1: Let 



■{( 



V=\[L L \L \L L L 



I... I L L )L 

I | a n-l a n ) a i 



^R + v{0 }’ 



1 < i < nj be a semigroup under addition with 
(L 0 L 0 | L 0 | L 0 L 0 L 0 | Lg | L 0 L 0 ) as the zero row 
vector of refined labels. V is a super semivector space of refined 
labels over L r+ ; the semifield of refined labels isomorphic 

with R + u{0}. 



We will first illustrate this situation by some simple examples. 
Example 5.1: Let 

V={(L, L_ |L_ L ai )| l s e L r+li|d| ;1 <i < 4 } 
be a super semivector space of refined labels over the semifield 

^R + u{0) ■ 



Example 5.2: Let 




L a e L r+u{0) ;1 <i < 10| be a super semivector space of refined 
labels over the semifield L , .We also call V to be a super 

R u{0} r 

row semivector space of refined labels. Since from the very 
context one can easily understand we do not usually qualify 
these spaces by row or column. 

Example 5.3: Let 

S = {(l L L |L |L |L |L )|l eL , ,,;l<i<7j 

be a super semivector space of refined labels over the semifield 

Lr + u{0) • 



166 




Example 5.4: Let 

M = {(L I L L I L I L L )|l e L + ; 1 < i < 6 j 

[V a l I a 2 a 3 I a 4 I a 5 a 6 / | a i R + U{0}’ J 

be a super semivector space of refined labels over the semifield 

L Q + u{0}‘ 



Example 5.5: Let 



J" 

J 

i -T 

ii 

> 


L L 1 L 

a 4 a 5 | a 6 


L L L ) 

a 7 a 8 a 9 / 


L , aL «W 1£i£9 ) 


a super semivector space of refined 


labels over L , the semifield of refined labels isomorphic 

Q + u{0) V 

with Q + u {0}. 


Example 5.6: Let 






k={(l l il l l 

[V a l a 2 1 a 3 a 4 a 5 


L L L ) 

1 a 6 a 7 1 a 8 / 


K«W sis ^ 



be a super semivector space of refined labels over L Q+uj0) . 
Clearly K is not a super semivector space of refined labels over 

Lr + u{0} • 



Example 5. 7: Let 




L a e L Q+ujo) ;l<i<10| be a super semivector space of refined 
labels over L„ + . It is pertinent to mention here that it does 

Q >40) r 

not make any difference whether we define the super semivector 
space over R + u {0} or L R+u{()) (or Q + u {0} or L Q+u{0| ) as 

R + u {0} is isomorphic to L r h u{0) (Q + u {0} is isomorphic with 

L + ). 

We can as in case of semivector spaces define substructures 
on them. This is simple and so left as an exercise to the reader. 
We give some simple examples of substructures and illustrate 
theh properties also with examples. 
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Example 5.8: Let 




L a e L r , u|0) ;1 <i <9j be a super semivector space of refined 
labels over L + . Consider 

R + u{0) 

M={(L a , L aj L h | 0 0 |L ai 0 L as 0 )| 

L a e L r( ;1 <i <5j c V, M is a super semivector subspace 



of V over the semifield L , 

R u{0} 

Example 5.9: Let 




L a £ L r+u{0) ;1 <i < llj be a super semivector space of refined 
labels over the semifield L + . Consider 

R + u{0} 

W={(L„ |L., L„ L„ L,JL^ 0 0 | 0 0 | 0 )| 



L a £ L r , {0) ; 1 < i < 6j c V, is a super semivector subspace of 
V over the refined label semifield L + 

R u{0) 



Example 5.10: Let 



V 



= {K 



L L L |L L |L L L L 



a 4 a fi a 7 



|L |L ) 

I a ll I a 12 / 



L a £ L r , {Q} ;1 < i < 12j- be a super semivector space of refined 
labels over the semifield L. 

Consider 



Q + u{0} ‘ 



w 



=\K 



a, a. 



L L 



a « a q 



I L I L ) 

I a ll I a 12 / 



L a £ L q , u{0} ;1 <i < 12j c V; W is a super semivector subspace 
of V of refined labels over the semifield L, 



Q u{0) 
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Example 5.11: Let 

V={(L L |L L L |L )|l eL, ;l<i<6l 

[V a l a 2 | a 3 a 4 a 5 | a 6 /| a i Q U{0} J 

be a super semivector space of refined labels over the semifield 
L + . 

Q + u{0) 

Consider 

M={(L„ 0|L„ 0 L % |0)|L,eL Q . u|01 ;l<i<3} 
c V, is a super semivector subspace of V of refined labels over 

L Q + u{0}‘ 

Now having seen super semivector subspaces of a super 
semivector space we can now proceed onto give examples of 
the notion of direct sum and pseudo direct sum of super 
semivector subspaces of a super semivector space. 



Example 5.12: Let 

V = {(l L L |L L |L )|l eL, ;l<i<6| 

[V a l a 2 a 3 I a 4 a 5 I a 6 / | a i R + U{01’ J 



be a super semivector space of refined labels over the semifield 
of refined labels L , . 

R + u(0) 

Consider 



M,= j 


[( L , 0 


o 

o 

J 3 


' La , 


eL + ;l<i <2) 

R + u{0)’ J 


£ V, 


m 2 = 


{(“ L ., 


o 

o 

o 


) La _ 


e L + ;l<i < 2 ] 

R + U{01’ J 


■c V, 



and 



M,= {(0 0 0|L ( L,_ |0)|L, 6 L RVO| ;l<i<2} C V 

be three super semivector subspace of V of refined labels over 

3 

L r+u{0| . Clearly V = (Jm ; with M, n Mj = {(0 0 0 I 0 0 I 0)} if 

i=l 

i^j, 1 < i, j <3. Thus V is a direct sum super semivector 
subspaces Mi, M 2 and M 3 of V. 
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Example 5.13: Let 




L a e L q+u)0) ;1 <i < 10| be a super semivector space of refined 
labels over L„ + . 

Q u{0} 

Take 



w 1 = I 


[(L ai 0 0 0|L a2 |0 0 1 0 0 o) 


L eL + ;1 <i < 2} 

a i Q u{0} J 


£ v, 


W 2 = { 


(0 0 0 0 1 0 1 L ai L a2 |L % 0 0 


)|l e L , ;1 < i < 3] 

>\ a i Q + u{0}’ J 


■ £ v. 


W 3 = { 


(0 L aj L % L a JO|0 0 0 0 0 


1 ) L e L + ;l<i<3 

)\ a i Q + u{0)’ 


>J cz V 


and 

w 4 = { 


(0 0 0 0 0 0 0 0 L a _ L a J 


L eL, ; 1 < i < 2] 
a i Q u(0}’ J 


[ £ V; 



be super semivector subspaces of V over the refined label 

4 

semifield L q+u)0) . We have V = [Jw ; with W, n W, = { (0 0 0 

i=l 

0 I 0 I 0 0 I 0 0 0) } if i =£ j, 1 < i, j < 4. Thus V is a direct sum 
super semivector subspaces Wi, W 2 , W 3 and W 4 . 



Example 5.14: Let 



V=|(L L L L L L 

V a i a 2 a 3 a 4 a 5 a ( 



L L L a L a L a L a L a L 

a 7 a 8 a 9 a 10 a ll a 12 a 13 a : 



L a e L R+u{()) ;l<i<14| be a super semivector space of refined 
labels over the semifield of refined labels L , 

R + u{0} 

Consider 



W.^LJO 0|L a2 L a LjO 0 0 0|0 0|0 L a J 



W 2 = |(o | L 



L^LrW 1 - 1 - 5 } £V ’ 

L a2 |L a3 0 LJO 0 L aj L a JO 0|0 o)| 
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s : |S|S6 } =V, 

Wj={(l,,|0 0|0 L_ L.JL., 0 0 LJO 0|L., L,J| 

MW* sis7 } = v - 

W.= {(L„|L„ 0|0 0 0|L„ L„ L. s L„ |L„ 0|L„ o)| 

k eL ,r.,:,r l£i£S } = V 
and 

W =={(0| L „ °|L., 0 L„|L,, 0 \ °I L „ L,,I L .. °)| 

L gL + ;l<i<8lcV 

a i R + U{01’ J — 

be super semivector subspaces of V of refined labels over 

5 

l r+u{0) . We see V = (Jw, but W, n Wj * {(0 I 0 0 I 0 0 0 I 0 0 

i=l 

0 0 I 0 0 I 0 0)} if i j, 1 < i, j < 5. Thus we see V is only a 
pseudo direct sum of super semivector subspaces of V over L R 
and is not a direct sum of super semivector subspaces of V over 

Lr. 

Example 5.15: Let 

V = {(l I L L I L I L I L L |L a )|l, g L , , m ;l<i<8} 

a l I a 2 a 3 I a 4 | a 5 I a 6 a 7 | a 8 / | a i Q u{0} J 

be a super semivector space of refined labels over the refined 

labels semifield L , 

Q u{0) 

Take 

P, = {(» |0 0 1 L„ | L., 1 0 0 1 Ll> )|L, <= L q . u|0| ;1 < i < 3} C V, 
P=={( L ,I° LJLJom 0|0)|L, iS L g . ulo| ;l<i<4} = V. 
p J= {( L , |0 L„ |k, |0|L„ L„ |0)|L, iS L q . u(al ;l<i<5} = V, 

P.={(°|L., L.,|L„|k,|0 L.,|Lj|L, ie L Q . um ;l<i<6} 
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and 

P, = {(OIL OIL 10 I L OIL )|l g L + ;1 <i < 4-} cV 

3 I a l I a 2 I I a 3 I a 4 t\ a i Q + U{0)’ J — 

be super semivector subspaces of V of refined labels over 

5 

L q+u{0) . We see V = (JP and P, n Pj * {(0 I 0 0 I 0 I 0 I 0 I 0 

i=l 

0 I 0)}, if i =4 j, 1 < i, j < 8. Thus V is only a pseudo direct sum 
of super semivector subspaces Pi, P 2 , . . P 5 of V over L Q+U{0) • 

Now it may so happen sometimes for any given super 
semivector space V of refined labels over the semifield L , 

v Q + u{0) 

or L r _ j|o the given set of super semi vector subspaces of V 

n n 

may not be say as V ^ [J P only [J P <x V. T his situation can 

i=l i=l 

occur when we are supplied with the semivector subspaces of 
refined labels. But if we consider the super semivector 
subspace of refined labels we see that we can have either the 
direct union or the pseudo direct union. Now we discuss about 
the basis. Since we do not have negative elements in a 
semifield we need to apply some modifications in this regard. 

Let V = {(L L |L L I ... I L )|l gL + ;l<i<n| 

[V a l a 2 I a 3 a 4 I I a n / 1 a i R + U{0)’ J 

be a super vector semivector space of refined labels over 
L d+ , . We see B = { [L m+1 0 I 0 0 I ... I 0], [0 L m+1 l 0 0 I ... I 0], 

. . ., [0 0 I 0 0 I . . . I L m+ i] } acts as a basis of V over L d+ . We 

L ) R + u{0} 

define the notion of linearly dependent and independent in a 
different way [42-45] 

For if (vi, ..., v m ) are super semivectors from the super 
semivector space V over L R+u(0) . We declare Vi’s are linearly 

dependent if v, = X L aj v j ; L aj e L R+U(0) • 1 ^ m -J ^ other 

wise linearly independent. 

For take V = {(L ai L aj |L a3 L aj | L as )|L ai g L Rtu{0) ;l <i < 5 } to 
be a super semivector space of refined labels over L rV|()i . 
Consider (L m+i 0 I 0 0 I L m+ i) and ( L an 0 10 0 1 L an ) in V. 
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Clearly (L a 0 I 0 0 I L a ) = L a (L m+1 0 I 0 0 I L m+ i) so, the 
given two super semivectors in V are linearly dependent over 
Lr u( 0 } • Now consider (L m+1 0 I 0 0 I 0), (0 0 I L a 0 I 0) and (0 

0 I 0 0 I L b ) in V we see this set of super semivectors in V are 



linearly independent in V over L R+u{0) . 

Thus with this simple concept of linearly independent super 
semivectors in V we can define a basis of V as a set of linearly 
independent super semivectors in V which can generate the 
super semivector space V over L r+u{0) . 

Consider 




I L |L L |L L )L gL , ;l<i<6l 

I a 2 I a 3 a 4 I a 5 a 6 / a i R + U{0} J 



to be a super semivector space of refined labels over L r+u{0) . 

Consider the set B = {(L m+1 I 0 I 0 0 I 0 0), (0 I L m+1 I 0 0 I 0 0), (0 

I 0 I Lm+1 0 I 0 0), (0 I 0 I 0 Lm+1 I 0 0), (0 I 0 I 0 0 I L m +i 0), (0101 

0 0 10 L m+1 )} c V is a set of linearly independent elements of V 
which generate V. Infact B is a basis of the super semi vector 
space V over L r , . We can give more examples. 

We would give the definition of super column vector space 
of refined labels over L , 

R u{0} 



Definition 5.2: Let 



1 

1 




a 2 

L 




l ^ 


L g L + ;1 <i <n 


1 

; ^ 

1 


«t R*u/0l’ 



be an additive semigroup of super column vectors of refined 
labels. Clearly V is a super column semivector space of refined 
labels over L R . 
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We will illustrate this situation by some examples. 
Example 5.16: Let 




be a super column semivector space of refined labels over 
L + . 

R + u{0) 

Example 5.17: Let 




be a super column semivector space of refined labels over 
L + . 

R + u(0) 
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Example 5.18: Let 



rv 




L a 2 




L a 3 




L . 




L a 5 




L - 


La^VulO)^'^ 10, 


L .. 




L a s 




L a, 




L 

d 10 





be the class of super column semivector space of refined labels 
over L + . It is to be noted P is not a super column 

Q + u{0} r 

semivector space of refined labels over L , . As in case of 

r R + u{0) 

general semivector spaces the definition depends on the 
semifield over which the semivector space is defined. 

We will illustrate this situation also by some examples. 



Example 5.19: Let 



V = 



K 

La 

La 

L a 

L a 

k 

L a 

L a , 

L„ 



L e L + ;1 < i < 10 

a i R + U{0}’ 
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be a super column semivector space of refined labels over the 
semifield L Q+u{0) . 

Example 5.20: Let 




is a super column semivector space of refined labels over 
L + . 

Q + u(0) 

Now we will give examples of basis and dimension of these 
spaces. 

Example 5.21: Let 




be a super column vector space of refined labels over L q( u(()| . 
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Consider 

T L m+1 ”| [ 0 ] [ 0 J 0 J 0 J 0 J 0 J 0 ]' 
T" l^" T" T" T" T" IT ~T~ 

0 0 L m+1 0 0 0 0 0 

"(T ~0~ ~0~ L~ ~0~ ~0~ ~0~ ~0~ 

M=\ , , m+l \ 

0 0 0 0 L m+1 0 0 0 

0 0 0 0 0 L m+1 0 0 

T" "T" IT “o" T" T" "(T 

° J L ° J L ° \i ° \i ° JL ° \i ° J |_ L m+i J 

c Visa basis of V over L„ + , . 

— Q + u{0} 

Example 5.22: Let 




be a super column semivector space of refined labels over 
L , . Clearly V is of dimension nine over L , 

R + u{0) J R + u{0) 

Consider V as a super column semivector space of refined 
labels over L + , then we see V is of infinite dimension over 

Q '-H0) 

L q+u)0) . This clearly shows that as we change the semifield 
over which the super column semivector space is defined is 
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changed then we see the dimension of the space varies as the 
semifield over which V is defined varies. 

Example 5.23: Let 



jv 




k 




L a 4 


L eL ; 1 < i < 6 

a i Q + u{0}’ 


L a 5 




[ L a 6 





be a super semivector space of refined labels over L Q+u(Q) of 
dimension six over L + . Clearly V is not defined over the 

Q u(0) J 

refined label field L , 

R + u{0} 

Example 5.24: Let 



[V 






L a 2 






L a 3 




L eL ;1 < i < 5 l 

a i = ^R + u{0)’ 


L a 4 






L L a 5 . 







be a super column semivector space of refined labels over the 
field L d+ . 

R + u{0} 

Clearly M is of dimension five over L , ; but M is of 

J R + u{0) ’ 

dimension infinite over L . 

Q u{0) 

Now we proceed onto give examples of linear 
transformations on super column semivector space of refined 
labels. 



178 




Example 5.25: Let 



and 



V = 



k 

L a 

k 

L a. 

La 

L a, 

L, 



L eL + ; 1 < i < 7 

»l R + u{0)’ 



W = 



L a 

La 

L a 

L a 

k 

La 

L a 

L a 

\ 

L a, 

L 






be two super column semivector spaces defined over the same 
semifield L + 

Q + u{0> 

Define a map r| : V — > W given by 
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It is easily verified r| is a linear transformation of super 
semivector spaces or super semivector space linear 
transformation of V to W. 



Example 5.26: Let 

V=|Tl L |L |L L |L L L 1 L eL, ;1 < i < 7 } 

[L a l a 2 | a 3 I a 4 a 5 | a 6 a 7 a 8 J a i Q + U{0} J 
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be two super semivector spaces of refined labels over L 
Let rp V — > W be defined by 

~K 

L a- 



T1 ((L 



L L L L L L L )) = 

aj a 2 a 3 a 4 a 5 a 6 a 7 a 8 ) / 



It is easily verified r) is a super semivector space 
transformation of V into W. 



Example 5.27: Let 



P = 



L a 

L„ 



L a 

L 



K 

K 

L„ 



L e L ;1 < i < 10 

a i Q u{0} 



be a super semivector space of refined labels over L 
Consider T : V — > V defined by 



Q + u{0] ‘ 



linear 



Q + 0} ‘ 



181 





T is a linear operator of super semivector spaces. Now having 
seen examples of linear transformations and linear operators on 
super column semi vector spaces of refined labels. We proceed 
onto define super matrix semivector spaces. 

Definition 5.4: Let 




1 < i < n and 1 < j < mj be the additive semigroup of super 
matrices of refined labels. V is a super matrix semivector space 
of refined labels over L rI . 

Example 5.28: Let 
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be a super matrix semivector space of refined labels over 
L + . M is also known as the super column vector 

R u{0} r 

semivector space of refined labels over the field of refined 
iabeis L r+u{0) . 



Example 5.29: Let 



V = 



L L 


L 


a l a 2 


a 3 


L L 


L 


a 4 a 5 


a 6 


L a Ln 


L a 


a 7 a 8 


a 9 



L G L + ; 1 < i < 9 

a 3 R + u{0}’ 



be the super square matrix semivector space of refined labels 
over L , 

R + u{0) 



Example 5.30: Let 



' 


r l 


L 


L 




a i 


a 2 


a 3 




L 


L 


L 




a 10 


an 


a 12 




L a 


L a 


L a 




a 19 


a 20 


a 21 




L a 


L a 


L a 




a 28 


a 29 


a 30 






L L 


L 




a 7 a 8 


a, 




L L 


L 




a 16 a 17 


a 18 




L a L a 


L a 




a 25 a 26 


a 27 




L L a 


L 




a 34 a 35 


a 36 J 





L a g L R+u|0) ;l<i<36| be a super row vector semivector space 
of refined labels over L R+ or super matrix semivector space 
of refined labels over L , 

R + u{0) 



Example 5.31: Let 



K 


L a 2 


L a 3 


L a 4 
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L a 9 
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d 10 


L an 
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d 12 


L ai 3 


L a„ 


L a 15 
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a 18 
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a 19 
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a 20 


L 

a 21 


L 

a 22 


L 

a 23 


L 

a 24 


L 

a 25 


L 

a 26 


L 

a 27 


L 

d 28 


L 

d 29 


L 

d 30 


L a 3 i 


L 

d 32 


L a, 


L a 34 


L a 35 


L a 3 6 


L 

d 37 


L 

d 38 


L 

d 39 


L 

d 40 


L a 4 , 


L 

a 42 


L a 43 


L 

a 44 


L a 45 


L a 46 


L a 47 


L 

a 48 
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L a e L Rtu|()| ; 1 < i < 48 j be a super matrix vector space of refined 
labels over the semifield of refined labels L , 

R + u{0} 

We as in case of other super semivector spaces define the 
notion of super semivector subspaces, basis, dimension and 
linear transformations. However this task is direct and hence is 
left as an exercise to the reader we only give examples of them. 



Example 5.32: Let 




be a super matrix semivector space or super column vector 
semivector space over L r+ ((|) . Clearly 




is a super column vector, semivector subspace of refined labels 
of V over L , . We have several but only finite number of 

R u{0} J 

super matrix semivector subspaces of V over L r+u(0) . If V be 
defined over the refined semifield of labels L , then V has 

Q + u{0) 



infinite number of super matrix semi vector subspaces. Thus 
even the number of super matrix semivector subspaces depends 
on the semifield over which it is defined. This is evident from 



example 5.32. 
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Example 5.33: Let 




be a super matrix of semi vector space of refined labels over 
L , . V is a finite dimensional super matrix semivector 

Q u{0} v 



subspace over L Q+u)0) having infinite number of semivector 
subspaces of refined labels over L „ 

V Q + u{0) 

Now we proceed onto define new class of super matrix 
semivector spaces over the integer semifield Z + u {0}; known 
as the integer super matrix semivector space of refined labels. 

We will illustrate them before we proceed onto derive 
properties related with them. 

Example 5.34: Let 

V = {(l |L |L L L |L L )|l g L + ; 1 < i < 7 } 

[v a l I a 2 I a 3 a 4 a 5 I a 6 a 7 / 1 a i Q U{0} J 

be a integer super row semivector space of refined labels over 
Z + u {0}, the semifield of integers. 

Example 5.35: Let 
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be an integer super matrix semivector space of refined labels 
over Z + u {0}, the semifield of integers. 

Example 5.36: Let 




be an integer super row semivector space over the semifield Z + 

u {0}. 

Example 5.37: Let 




L a e L Q+u{0) ;l<i <4oJ be a integer super matrix semivector 

space of refined labels over the semifield Z + u {0}. 

We can define substructures, linear transformation a basis; 
this task can be done as a matter of routine by the interested 
reader. 

But we illustrate all these situations by some examples. 
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Example 5.38: Let 




be an integer super column semivector space of refined labels 
over the semifield Z + u {0}. 

Take 




K is a integer super column semivector subspaces of refined 
labels over the semifield Z + u {0}. 

Infact we can have infinite number of integer super column 
semivector subspaces of V of refined labels over Z + u {0}. 

For take 
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L aj e L t where 6Z + u{ 0};1 <i <10 > cM 



is again an integer super column semivector subspace of M of 
refined labels over Z + u {0}. Infact 6 can be replaced by any 
positive integer in Z + and K will continue to be a super column 
semivector subspace of M of refined labels over Z + u {0}. 



Example 5.39: Let 

P={(l L L |L L |L )|l e L + ;l<i<6| 

[V a l a 2 a 3 I a 4 a 5 I a 6 / | a i R + U{0)’ J 

be an integer super row semivector space of refined label over 
the semifield Z + u {0}. 

K={(L„ L„ L,,|0 0|Lj|L liS L M| ;l<i<4} = Pis 

an integer super row semivector subspace of P of refined labels 
over the integer semifield Z + u {0}. 



Example 5.40: Let 
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be an integer super matrix semivector space of refined labels 
over the semifield Z + u {0}. 

Consider 




H is an integer super matrix semivector subspace of S over the 
integer semifield Z + u {0}. 

It is pertinent to mention here that S has infinitely many 
integer super matrix semivector subspace of refined labels over 
the integer semifield Z + u {0}. 



Example 5.41: Let 
V = 1(L I L L L I L L ) |l 

[V a l I a 2 a 3 a 4 I a 5 a 6 / | 




be an integer super row vector semivector space of refined 
labels over the semifield of integers Z + u {0}. 

Take 



W' = {(L, |L_ 0 0 | 0 0)|L, iS L R . ulol ;l<i<2} = V, 

W== {(0 | 0 L, 0 I 0 0) |l, e L RM1I } = v, 

W,= {(0|0 0 L.JL., 0)|L, S L,. ul(ir l<iS2} = V 
nd 

W,= {(0|0 0 0 I 0 Lj |L, € = V 



be integer super row vector semi subspaces of V. 

4 

Clearly V = (J\V, ; with W, n Wj = (0 I 0 0 0 I 0 0); i * j, 1 

i=l 



< i, j < 4. V is the direct union of integer super row semivector 
subspaces of V over the semifield Z + u {0}. 
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Example 5.42: Let 




be an integer super column vector semivector space of refined 
labels over the semifield Z + u {0} = S. Consider 
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be integer super column vector semivector subspaces of V over 

4 



the semifield S = Z + u {0}. Clearly V = [J V i with 



i=l 
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Thus V is a direct sum of integer super column vector 
semivector subspaces of V over S. 

Example 5.43: Let 




be an integer super matrix semivector space of refined labels 
over the semifield S = Z + u {0}. 



Consider 
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are integer super matrix semivector subspaces of refined labels 
of V over the semifield Z + u {0}. 
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0 0 0 
0 0 0 

, 6 . 000 

Clearly V = IP and Vj n V, ^ if i ^ j, l<i, j < 6. 

U 1 J 0 0 0 J J 

0 0 0 

0 0 0 

Thus V is a pseudo direct sum of integer super matrix 
semivector subspaces of V over Z + u {0} of refined labels. 



Example 5.44: Let 




be a integer super row vector semivector space of refined labels 
over the semi field Z + u {0}. 

Consider 

Tl 3i 0 0 0 0 1 

L 0 0 0 0 

a 2 

Hi = J L a 0 0 0 L L g L d+ ; 1 < i < 6 1 cB, 

1 a 3 a 6 a i R + u{0}’ 

L 0 0 0 0 

a 4 

L 0 0 0 0 

L a 5 J 

[l l l l 0 1 

a L a 2 a 3 a 4 

0 0 0 0 L 

a 5 

H 2 = i 0 0 0 0 L L g L + ;l<i < 7 1 c;B, 

z a 6 a i R + u{0}’ — ’ 

0 0 0 0 L a 

a 7 

0 0 0 0 0 
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H,= 



T o 
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h-f 


0 " 
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L L L 
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a l 


a 4 a 3 a 5 


a 6 
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0 0 0 


0 




L^W-i- 6 
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0 0 0 


0 






0 


0 0 0 


0 







: B, 



H 4 = 



and 



Hs = 



[ L ai 


0 0 0 
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0 0 0 


L 






a 2 




a 10 






0 


L a 3 L a 4 L a 5 


0 






0 


0 0 0 


0 






0 


L L L 

a 6 a 7 a 8 


0 







<z B, 



T o 


o 

o 

»— r 


o " 
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o 

r 

O 


0 






a l 


a 3 








0 


0 0 L a 


0 




L g L + ;1 <i <9 




a 4 






a i R u{0} 


0 


L L L 


0 








a 5 a 6 a 7 








0 


i— r 

o 

o 


L a,_ 







cB, 



be an integer super row vector semivector subspaces of B of 
refined labels over the integer semifield S = Z + u {0}. 

5 

B = (JHj and 



Hi n Hj * 



"0 


0 


0 


0 


o" 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


o 


0 


0 


0 


0 



ifi*j, 1 < i, j < 5. 



Thus H is only a pseudo direct sum of integer super row 
vector semivector subspaces of B of refined labels over Z + u 
{ 0 }. 
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Now having seen examples of pseudo direct sum of integer 
super matrix semivector subspaces and direct sum of integer 
super matrix semivector subspaces we now proceed onto give 
examples of integer linear transformation and integer linear 
operator of integer super matrix semivector spaces defined over 
the integer semifield Z + u {0}. 



Example 5.45: Let 




be an integer super matrix semivector space of refined labels 
over the integer semifield Z + u {0}. 




L a L 


L a L L 


L 4 


' 


a 4 a 7 


a 10 a 13 a 16 


a 19 a 22 


L eL, ; 


L L 


L 4 L 


L. L,, 


a i R + u{0}’ 


a 5 a 8 


a„ a, 4 a 17 


a 20 a 23 


1 < i < 24 


L L 


L L L 


L L 




a 6 a 9 


a 12 a 15 a 18 


a 21 a 24 _ 





be an integer super matrix semivector space of refined labels 
over the integer semifield Z + u {0}. Define T a integer linear 
transformation from V into W as follows. 
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Example 5.46: Let 




be an integer super semivector space of refined labels over the 
semifield S = Z + u {0}. 

Define T : V — > V by 
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Clearly T is a integer linear operator on V where kernel T is 
a nontrivial semivector subspace of V. 

Now we give an example of a projection the concept is 
direct and can define it as in case of semivector spaces. 

Example 5.47: Let 




be an integer super matrix semivector space of refined labels 
over the integer semifield S = Z + u {0}. 

Consider 




be an integer super matrix semivector space of refined labels 
over the semifield Z + u {0} of V. 

Define T an integer linear operator from V into V given by 
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Clearly T is a linear operator with nontrival kernel. 

Further T (W) <z W that is W is invariant under the integer 
linear operator T on V. Consider 




We see Ti is a integer linear operator with nontrivial kernel 
but clearly Ti is not an integer linear operator which keeps W 
invariant; that is T i (W) <x W. 

Thus all integer linear operators in general need not keep W 
invariant. 

Now we proceed onto define various types of super matrix 
semivector spaces of refined labels. 

DEFINITION 5.4: Let V = {set of super matrices whose entries 
are labels from T^ +u , 01 or L + } be a set of super matrices 

refined labels. If V is a such that for a set S subset of positive 
reals (R + u {0} or 7f u {0} or Q + u {0}) sv and vs are in V for 
every v € V and s € S; then we define V to be a set super matrix 
semivector space of refined labels over the set S or super matrix 
semivector space of refined labels over the set S, of subset of 
reals. 

We will first illustrate this situation by some examples. 

Example 5.48: Let 
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L„ e L . ;l<i<8r be a set of super matrices of refined 

a i Q + u{0)’ J r 

labels. 

Let S = {a I a e 3Z + u 2Z + u {0}. V is a set super matrix 
semivector space of refined labels over the set S. 

Example 5.49: Let 




V 






k 






^" a 3 

k 

k 

T 


(l |l l |l |l |l L |L ) 

\ a l | a 2 a 3 | a 4 | a 5 | a 6 a 7 | a 8 / 


k e k + u{0}’ 

1 <i <18 


K 

k 







be a super matrix set semivector space over the set S = { a I a e 
3Z + u 25Z + u {0}} c L r+u{0) of refined labels. 

Clearly V is of infinite order we can define two substructure 
for V, a super matrix set semivector space of refined labels over 
the set S,ScR*u {0}. 



DEFINITION 5.5: Let V be a super matrix semivector space of 
refined labels with entries from L r+ over the set S (S ciR + u 

{0}). Suppose W c ~V, W a proper subset of V and ifW itself is a 
set super matrix semivector space over the set S then we define 
W to be a set super matrix semivector subspace of V of refined 
labels over the set S. 



We will first illustrate this situation by some examples. 
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Example 5.50: Let 




L a e L Q+uj0) ;l<i<15| be a set super matrix semivector space 

of refined labels over the set S = {a e 3Z + u 5Z + u {0} } £ Q + 
u {0}. Consider 




cV, W is a set super matrix semivector subspace of refined 
labels over the set S <z Q + u {0}. 

Example 5.51 : Let 




of refined labels over the set S = 3Z + u 5Z + u 8Z + u {0}} <z 
Q + u{0}. 
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Consider 




L , e L ; 1 < i < 15 r cV; P is a set super matrix semivector 

a i Q + u{0)’ J — r 

subspace of V over the set S of refined labels. 



Now we proceed onto define the notion of subset super 
semivector subspace of refined labels. 

DEFINITION 5.6: Let V be a set super matrix semivector space 
of refined labels over the set S, (S c R + u/OJ). Let W <z V; and 
P cr S (W and P are proper subsets of V and S respectively). If 
W is a super matrix semivector space of refined labels over the 
set P then we define W to be a subset super matrix semivector 
subspace of refined labels over the subset P of the set S. 

We will illustrate this situation by some examples. 

Example 5.52: Let 
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be a set super matrix semivector space of refined labels over the 
set 

S = {a e 3Z + u 8Z + u 7Z + u 13Z + u {0} } c Q + u {0}. 
Consider 




and 

T = a e 3Z + u7Z + u {0}} cScQ + u(0}. 

K is a subset super matrix semivector subspace of P over the 
subset T of S. 
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Example 5.53: Let 





be a set super matrix semivector space of refined labels over the 
set S = a e 5Z + u 3Z + u 7Z + u 8Z + u 13Z + u 1 1Z + u {0} }. 
Consider 



w = ( L J0 0|L^ 
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and K = a e 3Z + u 8Z + u 13Z + u {0}} c S c Q + u {0}. 
Clearly W is a subset super matrix semivector subspace of V of 
refined labels over the subset K of S. 



As in case of usual vector spaces we can define direct union 
and pseudo direct union of set super matrix semivector space. 
The definition is easy and direct and hence is left for the reader 
as an exercise. 

We now illustrate these two situations by some examples. 



Example 5.54: Let 




space of refined labels over the set S = {a e 3Z + u 25Z + u 1 1Z + 
u 32Z + u(0}}cQ + u {0}. 
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Consider 




c V and 




be set super matrix semivector subspaces of refined labels over 
the set S. 



3 

Now V = IJWj and Wi n Wj = ()) if i ^ j, 1 < i, j < 3. Thus 

i=l 

V is the direct union of set super matrix semi vector subspaces. 
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Example 5.55: Let 




be a set super matrix semivector space of refined labels over the 
set S = {3Z + u 7Z + u 13Z + u 11Z + u 19Z + u 8Z + u {0}} c Q + 
u{0}. 

Consider 
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L „ 6 L oW lfiisl6 } = v 



and 
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and 
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L a 2 


L a 3 ' 
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L a 6 
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L a. 


L a 9 
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L a 14 


L a ls 
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d 18 
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0 
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0 




0 


L a 6 . 



L e L 



Q + u{0> 



1 <i <18 



eL + ;1< j<16[ 

Q u{0) ’ J I 



£ v 



be set super matrix semivector subspaces of refined labels of V 
over the set ScQ + u {0}. 

4 

Clearly V = [JMj but M, n M, ^ f if i ^ j, 1 < i, j < 4. 

i=i 

Thus V is only a pseudo direct union of set super matrices 
semivector subspace of refined labels over S. 

We can define set linear transformation of set super matrix 
semivector spaces only if both the set super matrix semivector 
space of refined labels are defined over the same set S <z R + u 
{ 0 }. 



We will just illustrate this situation by some examples. 
Example 5.56: Let 



V= 



Hl 
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L 1 


a i 


a 8 


a 15 
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a 2 


a. 


a 16 


L 
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a 3 


a 10 


a 17 
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a 4 


a„ 


a 18 
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a 5 


a 12 


a 19 


L a 6 
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L, 


a 13 


a 20 


L a 


L 


L 


a 7 


a 14 


a 21 



,(l l |l l l |l L |L ), 

’ V a l a 2 I a 3 a 4 a 5 I a 6 a 7 I a 8 /’ 
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be a set super matrix semivector space of refined labels over S = 
ae 5Z + u3Z + u {0}} cQ + u {0}.Let 




be a set super matrix semivector space of refined labels over S = 
{a g 5Z+ u 3Z+ u{0j)cQ + u {0}. Define T : V — > W a set 
linear transformation of refined label set super semivector 
spaces as follows. 
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T is a set super linear transformation of set super linear 
semivector spaces of refined labels defined over the set S c 
Q + u{0}. 

Example 5.57: Let 




211 





be a set super matrix semivector space of refined labels over the 
set S = {a e 3Z+ u {0} u 2Z+}. 

Define a map T : V — > V given by 
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L a, 


L a s 


L a, 


L a2 


L . 


l , 6 


L a 3 


L 

“10 


L 

“17 


L a 4 


L a n 


L 

“18 


L a 5 


L 

“12 


L 

“19 


L a 6 


L a I3 


L 

“20 


L a 7 


L a I4 


L 

“21 . 



Clearly T is a set super matrix semivector space set linear 
operator of refined labels. 

As in case of usual vector spaces we can talk of a set super 
matrix semivector subspace of refined labels which is invariant 
under a set super linear operator T of V. 



Example 5.58: Let 




be a set super matrix semivector space of refined labels over 
the set S = a e 3Z + u 2Z + u 7Z + u {0}} c Q + u {0}. 
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Consider 




c V is a set super matrix semivector subspace of V of refined 
labels over the set S. Define a set super linear transformation 
T : V -> V by 
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"0 
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0" 
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0 
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0 


v0 


0 


0 


0 


0 


0 


0, 



T is a set linear super operator on V. 

Further T (W) <= W. Thus W is invariant under the set 
linear super operator of V. 

Now we proceed onto define the notion of semigroup super 
matrix semivector space of refined labels over a semigroup S c 
R + u {0}. 

DEFINITION 5.7: Let V be a set super matrix semivector space 
of refined labels over the set S c R + u{0}. 

If S is a semigroup of refined labels contained in R + u {0} 
then we call the set super matrix semivector space of refined 
labels as semigroup super matrix semivector space of refined 
labels over the semigroup S cr R + u{0}. 

We will illustrate this situation by some examples. 
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Example 5.59: Let 




be a semigroup super matrix semivector space of refined labels 
over the semigroup S = 3Z + u {0}. 

Example 5.60: Let 
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is a semigroup super matrix semivector space of refined labels 
over the semigroup Z + u {0} under addition. 

It is pertinent to mention here that the semigrioup must be only 
a subset of R + u {0} but it can be a semigroup under addition or 
under multiplication. 

Example 5.61: Let 




be a semigroup super matrix semivector space over the 
semigroup L q+u|q) under addition. 
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Example 5.62: Let 




be a semigroup super matrix semivector space of refined labels 
over S = L r+u(q) . S a semigroup under multiplication. 



We can define substructure which is left as an exercise to 
the reader. 

However we give some examples of them. 

Example 5.63: Let 
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be a semigroup super matrix semivector space of refined labels 
over the semigroup S = L Q , u{0| . Take 



[l 
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L 


L lfL a L ^ 


L eL, ; 


a i 


a 2 


a 3 


a 4 


a 5 


a 6 a l a 3 


a i R + u{0}’ 








L 

a 10 


L a u 


L ’ L a L a 

a 12 J y a 2 a 4 y 


1 < i < 12 



W is a semigroup super matrix semivector subspace of refined 
labels over the semigroup S = L + . Take 




is a semigroup super matrix semivector subspace of refined 
labels over the semigroup S. 

Clearly 



B n W = 
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is again a semigroup super matrix semivector subspace of 
refined labels over the semigroup S. 



Example 5.64: Let 




be a semigroup super matrix senrivector space of refined labels 
over the semigroup S = L q+ under multiplication. Consider 
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c V be semigroup super matrix semivector subspaces of V of 
refined labels over S. Clearly WjnWj = <j) if i =£ j, 1 < i, j < 3. 

3 

Also V = IJW; . Thus is a direct union of semigroup super 

i=l 

matrix semivector subspaces of refined labels over L R+U{0| = S. 



Example 5.65: Let 




be a semigroup super matrix semivector space of refined labels 
over the semigroup S = L q+ . 

Consider 
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be semigroup super matrix semivector subspaces of M. 
We see 




is again a semigroup super matrix semivector subspace of M. 
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are again semigroup super matrix semivector subspaces of M 
over the semigroup S = L q , . 

3 

We see thus P; n Pj ^ <j); if i ^ j; 1 < i, j < 3. But M = [Jp 

i=l 

so M is a pseudo direct union of semigroup super matrix 
semi vector subspaces of M over S. 

Example 5.66: Let 
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L e L + ;l<i<2U 

a i R + u(0)’ I 



be a semigroup of super matrix semivector space of refined 
labels over L + = S. 

R u{0} 

Consider 
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L a„ 
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L a 16 


L a„ 


L a 

d 18 
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y 


L 

d 20 
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d 21 _ 





L ai e L r + u|o)} £ P and T = { L q+u|Q) } c S be a subsemigroup of 
S. 

We see M is a semigroup super matrix semivector space of 
refined labels over T of P called the subsemigroup super matrix 
semivector subspace of refined labels over the subsemigroup T 
of S. 

Now we can give the related definition. 

DEFINITION 5.8: Let Vbe a semigroup super matrix semivector 
space of refined labels over the semigroup S. Let W (ciV) and 
P ( ci S) be subsets of V and S respectively, if P be a 
subsemigroup of S and W is a semigroup super matrix 
semivector space over the semigroup P of refined labels then we 
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define W to be a subsemigroup of super matrix semivector 
subspace of V refined labels over the subsemigroup P of the 
semigroup S. If V has no subsemigroup super matrix 
semivector subspace then we define V to be a pseudo simple 
semigroup super matrix semivector space of refined labels over 
the semigroup S. 

Interested reader can supply examples of them. 

We can define linear transformation of semigroup super matrix 
semivector spaces of refined labels provided they are defined 
over the same semigroup. T his task is let to the reader, however 
we give some examples of them. 



Example 5.67: Let 



V = 





' L a, 


L a, 


L a3' 




k 


L, 


La, 




L a 7 


L, 


La, 




L 

a 10 


k 


L 

a 12 




L a, 


L a I4 


L a 15 




_k 


L 

“17 


L 

d 18 _ 



,(l l l |l l |l |l l l l ), 

\ a l a 2 a 3 | a 4 a 5 | a 6 | a 7 a 8 ^ a 10 / ’ 




L e L 



R + u(0} 



1 < i < 1 8 > 



be a semigroup super matrix semivector space of refined labels 
over the semigroup S = L Q+u{Q) . 
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be a semigroup super matrix semivector space of refined labels 
over the same semigroup S = L Ql . 

Define T : V — > W as follows: 
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It is easily verified T is a semigroup super matrix 
semivector space linear transformation of refined labels over the 
semigroup S. 
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Example 5.68: Let 





be a semigroup super matrix semivector space of refined labels 
over the semigroup S = L Q+U|0) • Define a map T : V — > V 
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It is easily verified T is a semigroup super matrix 
semivector space linear operator on V. 

Now we proceed onto give examples of the notion of 
integer semigroup super matrix semivector space of refined 
labels. 
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Example 5.69: Let 



L a, 


L a 2 


L a 3 ' 


L a 4 


L a 5 


L a 6 


L a 7 


L a s 


L a, 


L 

d 10 


L ail 


L 

d 12 


L a, 3 


L a 14 


L a,, 





L a, 


L a, 


L a 4 


L a 5 


L a 6 


L a/ 


/a. 


La, 


L 

d 10 


La„ 


L 

d 12 


L a„ 


La 14 j 




L 



L 




R u{0} 



1 < i < 14 > 



be an integer group super matrix semivector space of refined 
labels over the semigroup S = Z + u {0}. 
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Example 5. 70: Let 



L ai 


L 

a 12 


La, 


L 

d 13 


L a, 


L a 14 


L, 


l , 5 


L a, 


l , 6 


La 0 


L 

d 17 


L a 7 


L 

d I8 


L a 8 


L 

“19 


L a„ 


L 

d 20 


L 

d 10 


L 

d 21 


L a„ 


L 

d 22 



La, 


L a 2 


L a, 


L a 4 


L a, 


L a, 


L a, 


L a 8 


L a, 


L 

a 10 


La„ 


L 

d 12 


L 

d 13 


La 14 


La„ 


La„ 


L 

d 17 


L 

d 18 


L 

d 19 


L 

d 20 


L 

a 21 


L 

a 22 


L 

a 23 


L 

a 24 


L 

a 25 




e L 



R + u{0) 



;l<i<25 



be an integer semigroup super matrix semivector space of 
refined labels over the semigroup 3Z + u {0}. 

Substructures, linear transformation can be defined as in 
case of usual semigroup super matrix semivector spaces of 
refined labels. 

Now we proceed onto define the notion of group super matrix 
semivector spaces of refined labels over a group. 

DEFINITION 5.9: Let Vbe a semigroup super matrix semivector 
space of refined over the semigroup S = L )+ ; ( L /r ) under 

multiplication. If S is a group under multiplication then we 
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define V to be a group super matrix semivector space of refined 
labels over the multiplication group L Qt or L r . 

We will first illustrate this situation by some examples. 

Example 5.71: Let 




be a group super matrix semivector space of refined labels over 
the multiplicative group L q( . 

Example 5. 70: Let 
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1 


L a 2 


L a 3 


L a 4 


L a 5 












L 

d 10 


L a„ 


L 

d 12 


L 

d 13 


L a I4 


L a 15 


L a I6 


L a 17 


L 

d 18 




L 

“19 


L 

“20 


L 

d 21 


L 

d 22 


L 

d 23 


L 

d 24 


L 

d 25 


L 

d 26 


L a 

d 27 




L 

“28 


L 

“29 


L 

d 30 


L 

d 31 


L 

d 32 


L 

d 33 


L a M 


L a 35 


L a 36 




L a 37 


L a 

“38 


L 

d 39 


L 

d 40 


L a 41 


L 

d 42 


L a 43 


L 

d 44 


L a 45 




1 


L 

“47 


L 

d 48 


L 

d 49 


L 

d 50 


L a 5I 


L a 

d 52 


L 

d 53 


L a 54 . 





L .. sL ,W 1£is54 } 

be a group super matrix semivector space of refined labels over 
L ( the group of positive refined labels. 

We can define as a matter of routine the substructures in them. 
Here we present them by some examples. 

Example 5. 73: Let 



L a, 


L a 2 


L ,' 


L a 4 


L a 5 


L a 6 


L a 7 


L a s 


L a, 


L 

d 10 


L a 31 


L 

d 12 . 




L„ L L„ L„ L 



L„ L 



L„ L„ 



rL 


L 


Tl l 


L 


L L 


1 


a i 


a 2 


a l a 2 


a 3 


a 4 a 5 


L e L , n ,;l<i<12 


.^3 


L a 4 ; 


J' 

s 
1 


L a 8 


L L 

a 9 a 10 _ 


a i R + u{0]’ 



be a group super matrix semivector space of refined labels over 
the group G = L q+ . 

Now consider 
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c V is a group super matrix semivector subspace of refined 
labels over the group G = L q+ under multiplication. 

Example 5. 72: Let 




be a group super matrix semivector space of refined labels over 
the group G = L q+ , L q+ group under multiplication. 
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Consider 



Pi = 




L eL + ;l<i<l(H cV, 

a i R + u{0}’ ' — ’ 



fr l 


L L 


L L L 


L fl 


L ' 


L gL + 


a > 


a 2 a 3 


a 4 a 5 a 6 


a 7 


% 


a i R u{0}’ 




L L 

a 10 a ll 


L L L 

a 12 a 13 a 14 


L a 15 




l<i <16 



and 





^ a 2 ^ a 3 ^ a 4 


La S 


L a 6 ' 






K 

L 


7 ^ag 

L L L 


ko ^ a n . 

L L 




L e L ; 


a 3 


a 8 a 12 a 13 


a 14 


a 15 




a i R u{0} 1 


K 


^a 9 ^a 13 ^a 16 


^ a 17 ^ a 18 




1 < i < 21 


K 


L L L 

a 10 a 14 a 17 

L L L 

a ll a 15 a 18 


L L 

a 19 a 20 

L L 

a 20 a 21 J 







be group super matrix semivector subspaces of refined labels of 
V over the multiplicative group L q( . 

We see 

3 

V = Up. ; Pi n Pj = <|) if i * j, 1 < i, j < 3, 

i=l 

thus V is a direct sum of group super matrix semivector 
subspaces of refined labels of V. 
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Example 5. 75: Let 









K 


L - 


i 




X 






K 


K 


X 


K 






K 


’ 


K 


L 

d 10 


X 


L 

“12 






J 


X 


X 


h-f 



H-f 

1 


X 


X 


X 


1 

H-f 




X 


X 


X 


L 

d 10 


L a u 


L 

“12 


L 

“13 


X 




1 

jr 


L 

“17 


L 

“18 


L 

a 19 


1 

H-f 




L a e L R+u)0) ;l<i<20j be a group super matrix semivector 
space of refined labels over the group G = L Q+ , L q+ = G is a 
multiplicative group. 

Consider 
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} ;1 < i < 16| cz V, 




L L L L L 

a l a 2 a 3 a 4 a 5 



La ll ^ a 12 ^ a 13 ^ a 14 ^ a 15 

L L L L L 



} ; 1 < i < 20} cV, 
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H. 



-{( 



L |L. L |L L |L |L 



, ) L , 



e L 



R + u{0)’ 



;l<i<7 c 



V be group super matrix semivector subspaces of refined labels 
of V over the group L q+ . 



We see = H, n Hj = (f) if i j, 1 < i, j < 5. Further V = 

5 

llH, ; thus V is the pseudo direct union of group super matrix 

i=l 

semivector subspaces of refined labels over the group L q( = G. 



We can define group super matrix semivector spaces V and 
W of refined labels linear transformations provided V and W 
are defined over the same group G. We can also define 
subgroup super matrix semivector subspace of refined labels of 
V over the subgroup of G. 

We will illustrate this situation by some examples. 



Example 5. 76: Let 



V = 






|L |L |L L L |L„ L 



|Lj. 



hi 

L a: 

h 

h 

h 

L a t 

L a: 

h 

K 

L 
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be a group super row semivector space of refined labels over the 
group G = L r+ under multiplication. 



Consider 



W = 



L a, 


L a 2 


L a 3 


L a 4 



,(l |l 

’V a i I a 




L eL ;1 <i < 9 } V; consider H = L , c L , = G, L + 

a l R + u{0)’ J — ’ Q + R + Q 

= H is a subgroup of G under multiplication. 

We see W is a group super matrix semivector space of refined 
labels over the group H, thus W is a subgroup super matrix 
semivector subspace of refined labels over the subgroup H of 
the group G. 

If G has no proper subgroups then we define V to be a 
pseudo simple group vector space of refined labels over G. 

Likewise if V the group super matrix semivector space of 
refined labels over the group G has a subspace S which is over a 
semigroup H <z G we call S a pseudo semigroup super matrix 
semivector subspace of V over the semigroup H of the group G. 

We will just illustrate this situation by some examples. 
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Example 5.77: Let 




La, 


L a 2 


L a 3 


L a 4 


L a 5 


L a 6 


L 

“13 


K 


L a 8 


L a, 


L 

“10 


L a„ 


L 

“12 


L a 14 


K 


L a I6 


L 

“17 


L 

“18 


L 

d 19 


<a 20 


L 

“21 


L 

a 22 


L 

a 23 


L 

a 24 


L 

a 25 


L 

a 26 


L 

a 27 


L 

a 28 


L 

“29 


L 

“30 


L 

“31 


L 

“32 


L 

“33 


L 

“34 


L a 35 . 






be a group super matrix semivector space of refined labels over 
the group G = L q+ under multiplication. 

Take 
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L a 

K 

L a 

L a 

L a 

K 

L a 

L 



L e L + ;1 <i <lo} cz V 

a i R + u{0} ’ J — 



be a pseudo semigroup super matrix senrivector subspace of 
refined labels of V over the semigroup 



S = 




n = 0,1,2, 




£L q+ 



under multiplication. 



It is interesting to note that this V has infinitely many pseudo 
semigroup super matrix senrivector subspaces of refined labels. 



The following theorem guarantees the existence of pseudo 
semigroup super matrix senrivector subspaces of refined labels. 

Recall a group G is said to be a Smarandache definite group 
if it has a proper subset H <z G such that H is the semigroup 
under the operations of G. We see L q( and L r+ are 

Smarandache definite groups as they have infinite number of 
semigroups under multiplications. 

THEOREM 5.1: Let Vbe a group super matrix semivector space 
of refined labels over the group G = L g+ (or L r _ ). V has 

infinitely many pseudo semigroup super matrix semivector 
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subspaces of refined labels of V over subsemigroups H under 
multiplication of the group G = L q¥ (or L r ). 

Interested reader can derive several related results. However we 
can define pseudo set super matrix semivector subspace of 
refined labels of a group super matrix semivector space of 
refined labels over the multiplicative group L Q+ and L r+ . 



We will only illustrate this situation by an example or two. 
Example 5. 78: Let 




be a group super matrix semivector space of refined labels over 
the multiplicative group G = L Qh . 

Consider 
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P is only a subset of L q( = G. 

Take 

|~L a| L a2 Li r Lai 0 0 L a< 0 L a6 L a? 0^ 

M = L L L , L a 0 0 L a 0 L a L a 0 

a 4 a 5 a 6 a 9 a 12 a 14 a 15 

J>„ l„ L,J [l,, 0 0 L„ 0 0 0 oj 

L , 6L «.„,.) ;i=1 - 2 - - 9 - 12 - 14 - 15 } = v - 

M is a set super matrix semivector space of refined labels 
over the set P <z G. Thus M is a pseudo set super matrix 
semivector space of refined labels of V over the set P of the 
multiplicative group G. 

This pseudo set super matrix semivector space of refined 
labels can also be defined in case of semigroup super matrix 
semivector space of refined labels over the semigroup L Q+u{0) 



The task of studying this notion and giving examples to this 
effect is left as an exercise to the reader. 
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Chapter Six 



Application of Algebraic 
Structures using super 

MATRICES OF REFINED LABELS 



Applications of super matrix vector spaces of refined labels 
and super matrix semivector space of refined labels is at a very 
dormant state, as only in this book such concepts have been 
defined and described. The study of refined labels is very 
recent. The introduction of super matrix vector spaces of 
refined labels (ordinary labels) are very new. Certainly these 
new notions will find applications in the super fuzzy models, 
qualitative belief function models and other places were super 
matrix model can be adopted. 
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Since DSm are applied in several fields the interested 
researcher can find application in appropriate models where 
DSm finds its applications. When one needs the bulk work to 
save time super matrix of refined labels can be used for 
i nf ormation retrieval, fusion and management. 

Further as the study is very new the applications of these 
structures will be developed by researches in due course of time. 
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Chapter Seven 



Suggested Problems 



In this chapter we have suggested over hundred problems some 
of which are open research problems, some of the problems are 
simple, mainly given to the reader for the better understanding 
of the definitions and results about the algebraic structure of the 
refined labels. We suggest problems which are both innovative 
and interesting. 

1. Obtain some interesting properties about DSm super row 
vector space of refined labels over Lq. 

2. Obtain some interesting properties about DSm super 
column vector space of refined labels over L R . 

3. Find differences between the DSm super vector spaces of 
refined labels defined over L R and L Q . 
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4. Let V be a super row vector space given by; 



V = < 


H-f _f 

1 


k 4 


k? 

L a 8 


1 

J 3 H-f 


L a e L r ;1 <i < 12 > 




k 3 


k 6 




L 

“12 _ 





a) Find a basis of V over L R . 

b) What is the dimension of V over L R ? 

c) Give a subset of V which is linearly dependent. 



5. LetV={(L ai L aj L as |L a) L a J |L a _ e L R ;l<i <s} 



be 



a super row vector space of refined labels over the field L R . 

a) Find a non invertible linear operator on V. 

b) Find an invertible linear operator on V. 

c) Find the algebraic structure enjoyed by L Lr (V,V) • 

d) Does T : V — » V be such that ker T is a hyper subspace 
of V? 



6. Let V = 



L eL + ; 1 < i < < 

a i R + u{0)’ 



k 
k 

vector space of refined labels over L R . 



be a super column 



Study questions (a) to (d) described in problem (5). 
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7 . 



Obtain some interesting properties about super row matrix 
vector spaces of refined labels. 



Let V 



[ L a/ 




L a 2 




L a 3 




L a 4 




L a 5 




L . 


L a . e L R ;1 <i <11 


L . 




L , 




L a, 




L 

a 10 




|_ L *_ 





be a super column 



vector space of refined labels over L R . 

a) Write V as a direct sum of super column vector 
subspaces of V over L R . 

b) Write V as a pseudo direct sum of super column vector 
subspaces of V over L R . 

c) Define a linear operator on V which is a projection. 

d) Find dimension of V over L R . 

e) Find a basis of V over L R . 
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8. Let 




be a super matrix vector space of refined labels over the 
field L r . 

5 

a) Find subspaces W ; in V so that V = [J W, is a direct 

i=l 

sum. 

b) Find a basis for V over L R . 

c) Find dimension of V over L R . 

d) Suppose M = 




W be a super matrix vector subspace of V over L R find 
T : W -> W such that T (W) c W. 

e) Is T invertible? 

f) Find a non invertible T on W. 

g) Write V as a pseudo direct sum. 
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9. Let P = 



'K 


L a 2 


L a 3 




K 


L a 6 


L a, 


L a s 


K 


L 

d 10 


La, 


L 

d 12 




L a 14 


L a 15 


L -»J 



L R ;1 <i <16 



be a 



super matrix vector space of refined labels over L R . 

a) Find a basis for P over L R . 

b) If L r is replaced by L Q what will be the dimension of P? 

c) Write P as a pseudo direct sum of super vector 
subspaces of refined labels over L R . 



10. Let M = 



L L 

a l a 2 


La 3 


L a 4 ' 


L L 

a 5 a 6 


La, 


L a 8 


L a, 


L 

a 10 


L ail 


L 

a 12 


L a 13 


L a 14 


L a I5 


L a 16 


L 

“17 


L 

d 18 


L 

d 19 


L 

d 20 



L a e L R ;l<i <20 



be 



a super matrix vector space over the refined labeled field 
Lr. 

a) Prove M is infinite dimensional over L Q . 

b) Write M as a direct union of super matrix vector spaces. 

c) Find S = L Lr (M,M); what is the algebraic structure 
enjoyed by S. 



11. Let V = 



L a 

L, 



K 

L, 



L GL R ;l<i<9 



be a super 



matrix vector space over L R of refined labels. 
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M = 



K 

L , 

L, 



L a 

L aj 

L a, 

L 



L R ;1 < i <14 



be a super matrix 



vector space of refined labels over L R . 



a) Define a T : V — » M so that 


ker T is 


a 


subspace of V. 














0 


0 


0 


b) Define p : V — > M such that ker p = 


0 


0 


0 






0 


0 


"o 


c) Find the algebraic structure 


enjoyed 


= Hom LR (V,M)= L Lr (V,M). 










d) What is the dimension of M over L R ? 










"0 


0" 








0 


~o 








0 


0 






e) Find r| : M — » V so that ker T| ^ 


0 


"o 








0 


0 








0 


0 








0 


0 







by 



f) Find B = Hom LR (M,V) = L Lr (M, V) . 

g) Compare B and S. 
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12. Let 



La. 


L a 2 


L a 3 




La 0 


L a 6 


L a, 


L a 8 


L . 


L 

a 10 


L a„ 


L 

d 12 


L 

d 13 


L a 14 


L a 15 


L , 6 


L 

d 17 


L 

d 18 


L 

d 19 


L 

d 20 


L 

a 21 


L 

a 22 


L 

a 23 


L 

a 24 


L 

a 25 


L 

d 26 


L 

d 27 


L 

d 28 


L 

d 29 


^ a 30 / 



be a super matrix vector space over L R . 



L R ;1 <i < 3(H 



a) Let 



" 0 


0 


0 


La. 


La 0 


0 


0 


0 


0 


0 


L a 3 


L a 4 


L a 5 


0 


0 


0 


0 


0 


L , 


La, 


0 


0 


0 


L a 8 


L a 9 




0 


0 


L 

d 10 


La n j 



M. Find T : M -» M so that T (P) c P. 
find T) : M — > M such that r| (P) <2 P. 



b) 



Tl 


L a 3 


^ a 5 ^ a 7 


1 


a, 


L e L R ;1 < i < 8 


f L -. 


L a 4 


L L 

a 6 a 8 _ 


a i K 7 



a super row vector, vector space of refined labels over 

Lr- 



i) Define a linear function f : V — » L R . 

ii) Is ker f a super hyper space? 



13. Obtain some interesting results on super matrix vector space 
of refined labels over L R . 

14. Let V = L R be a vector space (linear algebra) over L Q . 
Prove dimension of V is infinite over L Q . 
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15. Prove V = L R is finite dimensional over L R . 







L a 2 


L a, 


16. Let V = < 


K 


L a 5 


L a 6 






L a s 


La, 



L R ;l<i<9 



be a super 



matrix vector space of refined labels over L R . Prove V is 
not a super matrix linear algebra of refined labels over L R . 



17. Prove a super matrix vector space of refined labels over L R 
can never be a super matrix linear algebra of refined labels 
over L r . 



18. Let M = {(L ai |L a2 | L aj | L a4 ) |L a _ e L R ;1 <i < 5 } be 

a super row vector space of refined labels over L R . How 
many such super row vector spaces of refined labels can be 
constructed using 1x5 super row vectors by varying the 

partition on (L^ L aj L aj L aj L a$ ) ? 

19. Prove those classical theorems which can be adopted on 
super matrix vector space of refined labels. 



20. Let 



V = 



L L L 

a l a 2 a 3 

^a 5 L as L a 

L„ L„ L„ 



L L L 

a 13 a 14 a 15 



L L 

a 4 a 17 

^ a 8 ^ a 18 

L L 



L L 

a 16 a 20 , 



L gL + ; 1 < i < 20 

a i R + u{0)’ 



21. be a super row vector semivector space of refined labels 
over L r + u{ 0) - 

a) Find a basis for V over L 



R + u{0) 
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b) Find a set of linearly independent elements of V which 

is not a basis of V over L + . 

R u{0} 

c) Find a linearly dependent subset of V over the semifield 

Lr + u{0) • 

d) Prove V has linearly independent subsets whose 
cardinality is greater than that of the basis. 



21. Let V = 





J 


L a 2 


L a 3 


1 




L a 5 


L a 6 


L a 7 


K 




L a 9 


L 

d 10 


L a n 


L 

d 12 




L a„ 


L a 14 


L a 15 


L a I6 




L a„ 


L 

d 18 


L 

d 19 


L 

d 20 




L 

d 21 


L 

d 22 


L 

d 23 


L 

d 24 




L 

d 25 


L 

d 26 


L 

d 27 


L 

d 28 




L 

d 29 


L 

d 30 


L a 3I 


1 

J 5 



L e L 



R + U{0! 



;1 < i < 32 > 



be super column vector, semivector space of refined labels 

over the semifield L . 

R u{0} 

a) Find two super column vector semivector subspaces of 
V which has zero intersection over L + 

R u{0} 

b) Write V as a direct sum of super column vector 
semivector subspaces over L r+u)0) . 

c) Write V as a pseudo direct sum of super column vector 
semivector subspaces over L r+u)q) . 

d) Find a T : V — » W which has a non trivial kernel. 

e) Find a r| : V -» V so that the r| is an invertible linear 
transformation on V. 

f) Can r| : V — > V be one to one yet rf 1 cannot exist? 
Justify. 
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22. Let V = 



k 

L a 

k 

La 

L a 

L a ( 

k 

L a , 

La, 

k 

k, 

k, 

L„ 



L e L ;l<i < 13 

a i Q u{0} 



be a super column 



semivector space of refined labels over L + 

F Q u{0) 

a) Find a basis of V over L , 

Q + u(0) 

b) Can V have more than one basis? 

c) Find dimension of V over L„ + . 

Q + u{0) 

d) Write V as a pseudo direct sum of super column 
semivector subspaces over L + 

r Q u{0) 
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e) Suppose W = 



f) 



L ( ; 1 < i <7 

Q u{0) ’ 



V be a 



super column semivector subspace of V of refined 
labels over L + 

Q + u{0) 

i) Find a T : V -> V such that T (W) c W. 

ii) Find T : : V V such that T, (W) £ W. 

Find a subset of V with more than 14 elements which is 
a linearly independent subset of V over L Q+u{0) . 



23. Let V = 





J- 




L a 3 


1 

J 3 




L a 5 


L . 


L a, 


K 




L a 9 


L 

d 10 


La, 


L 

d 12 




L a 13 


L a I4 


L a 15 


L a 16 




L a 17 


L 

a 18 


L 

a 19 


L 

a 20 




1 


L 

d 22 


L 

d 23 


1 



R + u{0) 



1 < i < 24 )■ 



be a super matrix semivector space of refined labels over 

Lq + u{0} ‘ 
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a) Is V finite dimensional over L + ? 

b) Can V have finite linearly independent subset? 

c) Can V have finite linearly dependent subsets? 

d) Find Hom L (V,V) = S. 

Q + u{0] 

e) What is the algebraic structure enjoyed by S? 

f) Is S a finite set? 

g) Give two maps T : V — > V and P : V — » V so that TP = 
PT. 

h) Find T f : V -» L + . 

' 1 Q + u{0) 

i) If K = {f I f : V -» L q<u{0) h what is the cardinality of 
K? 

j) Does K have any nice algebraic structure on it? 

24. Let 




be a super matrix semivector space of refined labels over 
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be a super column vector semivector space of refined labels 
OVer L QMo } - 

a) Define T : V — > W such that T is an invertible linear 
transformation on V. 

b) Prove W is an infinite dimensional space. 

c) If T| : V — > W does r| enjoy any special property related 
with dimensions of V and W? 

d) Can P : V — > W such that ker P is different from the 
zero space? 

e) What is the algebraic structure enjoyed by 
Hom L (V,W)? 

Q + U«l 



25. Let V be a super row vector space of refined labels over L R ; 
whereV={(L ai L a2 | L aj | - | L a J | L a e L R ;1 < i < n} ; 

a) Find Hom LR (V,V)- 



b) Is Hom LR (V,V) a super row vector space? 



c) Is Hom LR (V, V) just a vector space of refined labels? 
Justify your claim. 



26. Let 



V = 



k, 


k 2 


L a 3 






k 6 




L a 8 


L , 


L 

a 10 


L a n 


L 

d 12 


L a 13 


L a 14 


L a I5 


k 6 


K 


L 

a 18 


L 

a 19 


L 

a 20 


L 

a 2I 


L 

a 22 


L 

a 23 


L 

a 24 


L 

a 25 



L a eL Q ;l<i<25 



be a super matrix vector space of refined labels over the 
refined field L Q . 

a) What is the dimension of V over Lq? 

b) Does V have super matrix row vector subspace over 
Lq? 

c) Find a set linearly dependent elements in V over Lq. 

d) Find the algebraic structure enjoyed by L l (V, V) = 



Hom LQ (V,V)- 
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L R ;l<i <36 



be 



a super matrix vector space of refined labels over L R . 

a) Find a super matrix vector subspace W of V dimension 
19 of refined labels over L R . 

b) Find T : V — > V so that T (W) c W. 

c) Find P : V -» V so that P (W) £ W. 

d) Compare the super linear operators P and T of V. 

e) What is ker T? 

f) Find ker P and compare it with ker T. 

g) Find a super matrix vector subspace of dim 5 of V of 
refined labels over L R . 

h) Write V as a pseudo direct sum of super matrix vector 
subspaces. 



28. Let 



' 


r l 


L L 


L L L 




' 




a i 


a 5 a 9 


a 13 a 17 a 21 








L 


L L 


L L L 




L € L,, ■ 


<1 


a 2 


a 6 a 10 


a 14 a 18 a 22 










L a? L a 


^ a 15 ^ a 19 ^ a 23 




1 < i < 24 




L 


L L 


L L L 








L a 4 


a 8 a 12 


a 16 a 20 a 24 _ 




> 



be a super matrix vector space of refined labels over L Q . 

a) Find dimension of V over L Q . 

b) Find Hom LQ (V,V)- 
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c) Write V = [JW ; so that V is a direct union of super 

l=i 

matrix vector subspaces of V over L Q . 

6 

d) Write V = [J W ; so that V is the pseudo direct union of 

i=l 

super matrix vector subspaces of V. 



29. Let M = 



K 


L L 

a 2 a 3 


L a 4 


L a/ 






L a 2 


L L 

a 6 a 7 


L a s 


L a, 






L a 3 


L L 

h 7 hj 


L . 


L a 3 




L a eL R ;l<i<9> 


L a 4 


L L 

a 8 a 9 


L a 4 


L a 5 






l_ L as 


L L 

a 6 a 3 


L a 5 


L ae. 







be a super matrix vector space of refined labels over L R . 

a) Find dimension of V over L R . 

b) Is dim V over R less than 25? 

c) Can V have a super matrix vector subspaces of refined 
labels of dimension 9 over L R ? 

d) Find the dimension of the super matrix vector subspace 



P= 



L a, 


0 


0 


0 


0 


0 






0 


0 


0 


L a? L ai 


0 


0 


0 


0 


0 


L L 

a 4 a 5 


0 


0 


0 




L a, 



L a , >L_ >L a e L r 



: V 



e) Find a linear operator T on V such that T (P) <z P. 

f) Let M = 



r o 


L a 2 


L a 3 


L a 4 


L a/ 


L a2 


0 


0 




L a , 


■ L a 3 


0 


0 


L a 2 


L , 


L a 4 


0 


0 


0 


0 


L L a 5 


0 


0 


0 


0 



L ,L ,L ,L ,L ,L 

^ ho ^ it A ^ he ^ ho ^ h. 
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c V, be a super matrix vector space of refined labels 
over L r of V. 

Find dimension of M over L R . 
g) Find T : V — > V so T (M) £ M. 






be a super matrix vector space of refined labels over L R . 

a) What is dimension of V over L R ? 

b) Is V of dimension 45 over L R ? Justify your answer. 

"0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

o” o o o ~o 

c) Define T : V —> V so that ker T = 0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

d) Find Pj and P 2 two distinct linear operators of V so that 
P]P 2 — P 2 Pi — Identity operator on V. 

31. Give some interesting applications of super matrix vector 
spaces of refined labels over L R or Lq. 
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32. Prove we cannot in general construct super matrix linear 
algebras of refined labels defined over L R or L Q . 

33. Obtain some interesting properties enjoyed by integer set 
super matrix semivector space of refined labels defined over 
the set S = 3Z + u 5Z + u {0}. 



34. Obtain some interesting properties by group super matrix 
semivector spaces of refined labels defined over L Q+ or 




L a e L R+u)o) ;l<i<18 } be a integer super matrix semivector 

space of refined labels over 3Z + u 5Z + u {0} = S. 

a) Find a basis of V over S. 

b) Find integer super matrix semivector subspace of V of 
refined labels. 

3 

c) Write V = [J W; as a direct sum. 

i=i 



263 




36. Let V = 




L Q ;l<i<9 



be a set super matrix vector space of refined labels over 
the set S= L q+u{0) u L r+u{0) . 

a) Find subspaces of V. 

b) Write V as a pseudo direct sum of subspaces. 



37. Let V = 




L eL 



R + u{0)’ 



;1 < i < 



*1 



be a group super matrix semivector 



space of refined labels over L r , the multiplicative group. 



a) Find V= U w . as a pseudo direct sum. 

i=l 

b) Find subgroup super matrix semivector subspace of V 
of refined labels over L r+ . 

c) Find pseudo semigroup super matrix semivector 
subspaces of V of refined labels over L r „ . 
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d) Find pseudo set super matrix semivector subspace of V 
of refined labels over L r+ . 

38. Let V = 




L a e L r ! . ;I <i<9j be a semigroup super matrix semivector 



space of refined labels over the semigroup S = L Q+ ^ under 
addition. 

a) Write V = [J W ; as a pseudo direct sum of subspaces. 

b) Find two pseudo set super matrix semivector subspaces 
of refined labels of V over S. 

c) Find T : V — > V with non trivial kernel. 

d) Find P : V — > V so that P 1 exists. 



e) If K = 



L a, 


L a 2 


L a 3 


L a 4 




L . 


L a, 


L as. 



L £ L + ; 1 < i < 2 

ai Q u(0)’ 



V; find 



dimension of K over L . 

Q u{0) 
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39. Obtain some nice applications of semigroup super matrix 
semivector space of refined labels over the semigroup 
L . under addition. 

R + u{0) 




a super matrix vector space of refined labels over L R . 

a) Find dimension of V over Lr. 

b) Find subspaces of dimensions 5, 7 and 20. 

c) Write V=Wi© ... © W, where W, ’s are subspaces of V. 

d) Find T : V — > V so that T is an idempotent operator on 
V. 

e) Find T : V — > V so that T 1 exists. 



41. Let 




be a set super matrix vector space of refined labels over the set 
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£ L r . 



S = L 



uL 



'2“u{0} 



1/ 

'5 u{0} 



ne 0,l,2,...,oo 



3 

a) Write V = [J W; as a direct sum of subspaces. 

i=l 

5 

b) Write V = [J W; as a pseudo direct sum of subspaces? 

i=l 

c) Find two disjoint subspaces Wi and W 2 and find two 
linear operators Ti and T 2 so that Ti (Wi) c W, and 
T 2 (W 2 ) c W 2 . 

d) Find a subset super matrix vector subspace of refined 
labels of V. 



42. Write down any special feature enjoyed by the super matrix 
semivector space of refined labels over L , or L 

r R u{0} Q u{0} 



43. Can we have finite super matrix semivector space of refined 
labels over the semifield L , or L , ? Justify your 

R u{0} Q + u{0} J J 

claim. 



44. Is it possible to construct set super matrix semivector space 
of refined labels over L + of finite order? 

Q + u{0) 



45. Let P = j 



L al 


L *2 




L a 4 


La/ 


k 


k 


L& 5 


L a 3 


L a 4 




L * 5 


L a 4 


L a, 


L a 2 


L *4 




L a, 


L a 2 


L a 5 


L a 5 


L a 4 


L a 2 


L a 5 


L a 3 



k eL R ;l<i<5 



be 



a super matrix vector space of refined labels over the field 
Lr. 

a) Find dimension of P over L R . 

b) Write P = u W,. W,, subspaces as a direct sum. 

c) Can P have ten dimensional super matrix vector 
subspace of refined labels over Lr? Justify your answer. 
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d) Define T : P — » P so that T 2 = T. 

e) Find S : P -» P so that S 2 = (0). 

f) Find hyper subspaces of refined labels in P over L R . 

46. Obtain some interesting properties about L Lr (V,L r ) where 
V is a super matrix vector space of refined labels over L R . 



47. Let V 




L R ;1 <i < 8 



>be a 



super matrix vector space of refined labels over L R . Define 
f : V -» L r so that f is a linear functional on V. Suppose vi, 
..., v 6 are some six linearly independent elements of V; 
find f (vO; i = 1, ..., 6. Study the set {f (vO ,..., f (v 6 ) } c 
L r . What is the algebraic structure enjoyed by 
L Lr (V,L r ) ? How many hyper subspaces exist in case of 



V? 



48. Let V = 



\ 


L a 2 


L a 3 


L ,' 


L a 2 


L a 3 


L a 4 




L a, 


L a 4 


L a 2 






L a, 


L a 3 





be 



a integer super matrix semivector space of refined labels 
over Z + u {0}. 

a) Find a linear operator T on V which is non invertible. 

b) Write V as a direct sum of semivector subspaces of 
refined labels over Z + u {0}. 
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49. Let M = 



L a, 


L a 2 


La 3 


L a 4 


L a 5 


L a 6 


L a, 


L a s 


L a, 


L 

a 10 


La,, 


L 

a 12 


La 13 


La, 4 


L a,5 


L a 16 


L a„ 


L 

d 18 


L 

a 19 


L 

a 20 


L 

a 21 


L 

d 22 


L 

d 23 


L 

d 24 


L 

d 25 


L 

d 26 


L 

d 27 


L 

d 28 


L 

d 29 


L 

d 30 



L ;1 < i < 30 

Q u{0)’ 



be a 



super matrix semivector space of refined labels over the 
semifield L Q+u{0) . 



a) Find the dimension of M over L „ 

Q + u{0) 

b) Write M as a pseudo direct sum of semivector 
subspaces of refined labels over L + 

r Q u{0) 

c) Write M = [Jw ; as a pseudo direct sum of super 

i 

matrix semivector subspaces of refined labels over 

L Q + u{0) ‘ 

d) Show in M we can have more number of linearly 
independent elements than the cardinality of the basis of 
M over L„ + , , . 

Q + u{0) 



50. Let V = 



La, 


La 2 


La 3 


L a 4 


L a 2 


0 


L a 4 


L a 5 


0 


0 


L a 3 


0 


La, 


L a 5 


0 


La, 


0 


L 

d 10 


L a, 


0 



L ai e L R ;1 <i < 11 



be a 



super matrix vector space over L R . 
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a) Find dimension of V over L R . 

b) Write u W ; = V as a pseudo direct sum of subspaces. 

c) Is the number of subspaces of V over L R finite or 
infinite? 

d) Give a linearly dependent subset of order 10. 



51. Let V = 



L a, 


L a 2 


L a, 


L a/ 


L, 


0 


0 


L , 


L a, 


0 


L a 6 


0 


L a 4 


L a 7 


0 


0 



L e L + ; 1 < i <7 

a, R + u{0)’ 



be 



a group super matrix semivector space of refined labels over 

multiplicative group G = L Rf . 

a) What is the dimension of V over G? 

b) Prove there exist infinite number of pseudo set super 
matrix semivector subspaces of V over L R . 

c) Prove there exists infinite number of pseudo semigroup 
super matrix semivector subspaces of V over L R . 

d) Prove V is not a simple group super matrix semivector 
space over L R . 

7 

e) Write V = W ; as direct sum of subspaces of V. 

i=l 

6 

f) Write V= U w . as pseudo direct sum of subspaces of V 



52. Let 





La, 


L L 

a 4 a 7 


L L L L 

a 10 a 13 a 16 a 19 


L " 

a 22 




L a e L r ; 


V = < 


L a 2 

L a, 


L L 

a 5 a 8 

L L 

a 6 a 9 


'^ a ll ^ a 14 ^ a 17 ^ a 20 

L L L L 

a 12 a 15 a 18 a 21 


Si S 




1 < i < 24 



be a super row vector space over L R of refined labels. 

a) What is the dimension of V? 

b) Find Hoiu Lr (V, V) . 

c) Find T : V -> V so that T 2 = T. 

d) Find T, : V -> V so that T“ = (0). 
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53. Let P = 



K 

L a ; 

L 



L eL n ,;1 <i < 6 

a i R + u{0}’ 



be a set super matrix semivector space of refined labels over 
thesetS= L 2 nu{ 0 ) uL 3 nu{ 0 ) uL 5 „. 

a) Find subspaces of P. 

b) What is dimension of P over S? 

4 

c) Express P = [J P; as a direct sum of subspaces of V. 

i=l 

d) Define T : P — » P with T.T = T. 

e) Define T| : P -» P so that T" 1 exists. 



54. Let 



V = 



0 


L a 2 




K 


k 2 


0 


L a 3 


K 


k 3 




0 


K 


L a 4 




K 


0 




0 


K 


L a 2 


K 


L aj 


0 


k 4 




K 




0 


k 6 






L a 6 


0 



L a e L r+u(()| ;1 <i < 6| be a integer set super matrix semivector 



space of refined labels over the set of integers S = 3Z + u {0} u 
2Z + . Suppose 
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be an integer set super matrix semivector space of refined 
labels over the set S = 3Z + u 2Z + u {0}. 

a) Find a linear transformation T from V into W so that T 1 
exists. 

b) Find the algebraic structure enjoyed by FIom s (V, W). 

c) Find Ti and T 2 two linear transformation from V into V 
such that Ti . T 2 is an idempotent linear transformation. 

d) Find two linear transformation L, and L 2 from W into 
W so that Li . L 2 = Li . L 2 but Lj . L 2 = Li . L 2 ^ I. 

55. Let 




super matrix vector space of refined labels over L Q+u)0j . 
a) Write M = [JW i ; W ; super matrix vector subspaces of 

i 

refined labels over L + of M as a direct sum. 

Q + u{0) 
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0 


0 


0 


0 


0 


L aj 




L a 3 


K 


L a 5 


0 


0 


0 


0 


0 


k 


La, 


La 8 




^ a 10 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


L „ 


<a 12 


L ,3 


L a 14 


L a 15 




L a I7 


^ a 18 


^ a 19 


<a 20 


0 


0 


0 


0 


0 



^a, 6 ^Q + u(0)’ 

1 < i < 20 



M be a super matrix vector subspace of M of refined 
labels over L + , . 

Q + u{0) 



Find T : M — > M so that T (W) c W. 

c) What is dimension of W? 

d) Find T,, T 2 : M -» M so that (T, . T 2 ) (W) c W. 



56. Obtain some special properties enjoyed by set super matrix 
vector space of ordinary labels over a suitable set. 



57. LetV={[L ai |L a2 L aj 




L a e L r ;1 <i < 5j be 



a super row matrix vector space of refined labels over L R . 
Will V = L r xL r xL r xL r x L r ? 

Justify your answer. 



58. Flow many super row matrices of dimension seven can be 
built using the row matrix 

(L. L a L a L a L a L a L a ) of refined labels? 

\ d l d 2 d 3 d 4 d 5 d 6 d 7 / 



59. Prove or disprove that if V is a super matrix vector space of 
dimension n of refined labels defined over L R then V is 
isomorphic with all super matrix vector space of dimension 
n of refined labels defined over L R . 
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60. Let V = 



k, 




L a 3 ' 


L a 4 


L a 5 


L a 6 


L a 7 


L a 8 


L a, 


L 

a 10 


L a„ 


L 

a 12 


L a 13 


L a 14 


L a 15 . 



L a g L r ;1 < i < 15 > be a super 



matrix vector space of refined labels defined over L R . W = 



L a 

L a : 

L 



K 

L a 

L 



L L 

a 5 a 

L L 

d 9 a, 

L L. 



L a 

L d| 

L 



L a g L r ; 1 < i <15 



be a 



super matrix vector space of refined labels defined over L R . 
Is W = V? 



61. Let 



V 



and 

W 






1 


L a 5 


La, 


L a 13 


L a 17 


1 


L a 2 


L a 6 


L 

a 10 


L a 14 


L 

d 18 


L 

“22 


L a 3 


L a 7 


L a u 


L a 15 


L 

a 19 


L 

a 23 


H-f 

1 


L a 8 


L 

“12 


L a 16 


L 

“20 


1 

H-f 







L L 

a 2 a 

L L„ 



,(l |L 

V ai I a 2 



L L L, 
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be a group super matrix semivector space of refined labels 
over the multiplicative group G = L , . 



a) 

b) 

c) 

d) 

e) 



Is V = W? 

Find dimension V. 

Find T : V — > W so that T 1 exists. 



Find Ti : V -» W so that T| . Ti = T|. 

Find pseudo set super matrix semivector subspaces M 
and P of V and W respectively over the set B = 




such that M = P. 



f) Define f : V -» W so that f (M) = P. 



62. Let 





be a semigroup super matrix semivector space of refined 
labels over the semigroup L r+u{0) under addition. 
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a) Find dimension V. 

b) Find T : V — > V so that T . T = T. 

c) Find P : V — » V so that P 2 = 0. 

d) Find M : V — » V so that ker M is a semigroup super 
matrix semivector subspace of V of refined labels over 
the additive semigroup L r+ (()| . 

e) Find subsemigroup super matrix semivector subspace of 
refined labels of V. 

f) Find pseudo set super matrix semivector subspaces of V 
of refined labels over subsets of the additive 
semigroup L r+u{0) . 

63. Give an example of a group super matrix semivector space 
of refined labels which is simple. 

64. Obtain some interesting properties about group super square 
matrix semivector space of refined labels over the 
multiplicative group L q( . 



65. Let V= {(L ai L aj L % 



L, L, 



L, L, L, 




L a e L R ;l<i<10} be a super row matrix vector space of 
refined labels over Lr. 

a) Find for f : V -> L R , a linear functional defined by 



f ( 



L„ L„ L, L, L„ L, L„ L, 




&1 T&2 ' 7 

b) Find L Lr (V,L r ). 

c) What is dimension of L Lr (V,L r ) ? 

d) What is the algebraic structure enjoyed by L Lr (V,L r ) ? 

e) What is the dimension of V over L R ? 

f) Find Hom LR (V,V)- 

g) What is the algebraic structure enjoyed by 

Hom LR (V,V)? 
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66. Find some interesting properties enjoyed by L Lr (V,L r ) = 

{f : V — > L r } where V is a super matrix vector space of 
refined labels defined over Lr. 

67. Find the algebraic structure enjoyed by FI S (V,V) where V is 
a set super matrix semivector space of refined labels defined 




super matrix vector space of refined labels over L R . 




be a super matrix vector space of refined labels over L R . 

a) IsV = W? 

b) Find dim W over L R . 

c) Find dim V over L R . 

d) Study Hom LR (V,W) and Hom LR (W,V). 

e) Find T : V -> W so that T . T = T. 

f) Find T| : V — > W so that T j exists. 
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be a semigroup super matrix semivector space of refined 
labels over L + under addition. 

R u{0} 

a) Find dim V. 

b) Find Hom L (V,V). 

R + u{0} 

c) Find Wi, W, in V so that V = u W, where W,’s are 
semigroup super matrix semivector subspaces of V over 
L + where W ; n W; = d) if i ^ j 1 < i, j < t. 

R u{0} J t j j 

70. Find some nice applications of set super matrix semivector 
spaces defined over the set S = L „ cz L 

r 2 n u{0] — R + u{0) 
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7 1 . Does there exists a set super matrix semivector space which 
has no subset super matrix semivector subspace of refined 
labels? Justify your claim. 

72. Does there exist a semigroup super matrix semivector space 
of refined labels which has no subsemigroup super matrix 
semivector subspace of refined labels. 

73. Prove every integer set super matrix semivector space of 
refined labels has integer subset super matrix semivector 
subspace of refined labels ! 



74. Let V 




be a super 



matrix vector space of refined labels over the field L Q . 

a) Can V have non trivial super matrix vector subspace of 
refined labels? 

b) Find Hom LQ (V,V). 

c) Does T : V — > V exist so that T 2 = T? (T ^ I). 

d) Find L Lq (V,L q ). 



75. Let V = 









L a, 


\ 


L 


L 


L 


L 


L 


ai 


a i 


ai 


a l 


a l 


L 


L 


L 


L 


L 


a l 


a l 


a l 


a l 


a. 


L 


L 


L 


L 


L 


a l 


a l 


a l 


a l 


a l 
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a l 
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a l 


a l 


L 


L 


L 


L 


L 


a l 


a l 


a l 


a l 


a l 


L aj 






L a, 


L a, 



R u{0} 



be a 



semigroup super matrix semivector space of refined labels 
over the additive semigroup L r+u(0) . 
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a) Find dim V. 

b) Can V have non trivial semigroup submatrix semivector 

subspaces of refined labels over L . ? 

r R + u(0) 

c) Can V have non trivial subsemigroup submatrix 
semivector subspaces of refined labels over 
subsemigroups in L r+u|Q) ? 

d) Find pseudo set super matrix semivector subspaces of 

refined labels over subsets in L + . 

R + u{0) 

e) Find Hom L (V,V). 

R + u{0} 




be a super matrix vector space of refined labels over L R . 

a) Can V have proper super matrix vector subspaces of 
refined labels over L R ? 

b) Is V simple? 




matrix vector space of refined labels over Lq. 

a) Is V simple? 

b) Find Hom LQ (V,L Q ). 



be the super 
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be a super matrix semivector space over the semifield L q+u(Q| of 

refined labels. 

a) Find dim of V over L . 

b) Is V simple? 

c) Find Hom L (V,V) . 

Q + u{0} 




R + u{0} 



be a 



super matrix semivector space of refined labels over 
L + . 

R + u{0) 



a) Is V simple? 

b) Can V have substructures if instead of L . ; V is 

' R + u{0) ’ 



defined over L , 

R u{0} 



c) Find Hom L (V,V). 

R + u{0} 

d) Find T : V — » V so that T 1 exist. (Is tliis possible). 

e) Can T : V -» V be such that T . T = T (T * I)? 



80. Let V = 




be a group 



super matrix semivector spaces refined labels over the 
multiplicative group L , . 
a) Is V simple? 
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b) Does V have subgroup super matrix semivector 
subspaces? 

c) Does V contain pseudo semigroup super matrix 
semivector subspaces? 

d) Can V have pseudo set super matrix semivector 
subspaces of refined labels? 

e) Find Hom L (V,V). 



81. Characterize simple super matrix vector spaces of refined 
labels over L R or L Q . 



82. Let V = 




L a e L R+ ;l<i <12} be a integer set super matrix 

semivector space of refined labels over Z + u {0}. 

a) Find Wfs in V so that V = u W ; ; Wi n Wj = <|) if i ^ j. 

b) Find Hom z+u(0j (V,V). 

c) Is V simple? 

d) Is V finite dimensional? 

e) Can V have subset integer super matrix semivector 
subspaces of refined labels over S cZ + u {0}? 
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83. Find the algebraic structure enjoyed by Hom LR (V,V) 
where V = (l^ | L % ... | L a[ L aj | L ai );L aj e L R . 

84. Find the algebraic structure of L Lr (V, L R ) where V is 
given in problem 83. 

85. Find the algebraic structure of where V = 




86. Find Hom L (V,V) where V = 




L a e L q(u)0) J group super matrix semivector space of 



refined labels over the multiplicative group L q+ . 

87. If L Qt is replaced by the semigroup L Q+u(0) under addition, 

V becomes the semigroup super matrix semivector space of 
refined labels over L Q+u(Q) ; semigroup under addition. 

Find Hom L (V,V). 

Q + u{0) 

a) Compare Hom L (V,V) in problem 86 with 

Q + u{0) 

Hom L (V,V). 

Q+u{0| 
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88. Let V = < 



be a super matrix (column 




L 



€L r 



vector) vector space of refined labels over the field L R . 

a) Find Hom LR (V,V). 

b) L Lr (V,L r ) • 



89. Obtain some interesting properties enjoyed by 

Hom L ( V, V) , V is a super row vector, vector space of 

refined labels over Lq. 

90. What are the applications of super square symmetric matrix 
vector space of refined labels over L R ? 

91. What are the applications of super skew symmetric matrix 
vector space of refined labels over L Q ? 

92. If V is a diagonal super matrix collection of refined labels 
vector space over L R ; can we speak of eigen values and 
eigen vectors of refined labels over L R ? 

93. Can the theorem of diagonalization be adopted for super 
square matrix of vector space of refined labels over L R ? 

94. Study super model of refined labels using the refined labels 
as attributes. 
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L r ;1 < i < 15 > 



be a super 



matrix vector space of refined labels over L Q . 

a) Is V finite dimensional? 

b) Does V have a subspace of finite dimension? Justify. 



96. Obtain some interesting results related with hyperspace of 
super matrix vector space of refined labels. 



97. Obtain some applications of super matrix semivector spaces 
of refined labels over L + or L _ . 

R u{0} Q u{0} 



98. Prove L = < 





K 


L a 3 


L a 4 ' 


L a 5 


L a s 




L 

a 10 


k 


L a„ 


L 

d 12 


L a 13 


La ? 


L a 14 


L a 15 


L a 16 . 



L g L 0 ;l <i <16 



is 



a group of super matrix of refined labels under addition. 



99. Prove a super matrix vector space of refined labels over L Q 
or L r is never a super matrix linear algebra of refined labels 
over L q or L R . 



100. Let V 



= 



e L Q ;l<i<8} 



be a 



super row matrix vector space of refined labels over Lq. 

V is of dimension 8. 

How many super row matrix vector spaces of refined labels 
of dimension 8 can be constructed over Lq? 
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101. IfV={mxn super matrix with entries from L Q } be a super 
matrix vector space of dimension mn over L Q . 

How many such spaces be constructed with m natural rows 
and n natural columns? 



102 . 



Let T = 



K 

K 

L a 

K 

L„ 






be 5 X 4 matrix of refined 



labels. In how many ways can T be partitioned to form 
super matrix of refined labels. 



103. Does the partition of a matrix of refined labels affect the 
basis algebraic structure? 



104. If V = 





^ a 2 ^ a 3 


La io 


L 


L L 


L 


a 4 


a 5 a 6 


a „ 


L 


L L 


L 


a 7 


a 8 a 9 


a 12 . 



L R ;1 < i <12 



and 



W = 



K 

L a. 

L„ 



k 2 k 

L L 

a 6 a 

L L 



k 

k 

L„ 



L GL R ;l<i<12 



be two 



super matrix vector space of refined labels over L R . Is V = 
W? 

105. Let 



V = 



and 




L R ;1 <i < 20 > 
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be two super matrix vector spaces of refined labels over L R ? 
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a) Is dim V = dim W? 

b) IsV = W? 

c) Find Hom LR (V,W). 

d) Is Hom LR (V,V) = Hom LR (W,W)? 

e) Is L Lr (V,L r ) = L Lr (W,L r )? 

f) Find a basis for V and a basis for W. 
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The authors in this bool#ip 
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DSm suggr vector space 
of refined labels. The notig^ 
of DSm semi super vector spa^e 
of refined labels are also 
described. Several interesting 
properties are derived. 
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